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CONCENTRATION COMPACTNESS EOR THE CRITICAL 
MAXWELL-KLEIN-GORDON EQUATION 

JOACHIM KRIEGER AND JONAS LUHRMANN 


Abstract. We prove global regularity, scattering and a priori bounds for the energy critical Maxwell- 
Klein-Gordon equation relative to the Coulomb gauge on (1 + 4)-dimensional Minkowski space. 
The proof is based upon a modified Bahouri-Gerard profile decomposition |T( and a concentration 
compactness/rigidity argument by Kenig-Merle Qol, following the method developed by the first 
author and Schlag l20l in the context of critical wave maps. 
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1. Introduction 

The Maxwell-Klein-Gordon system on Minkowski space-time n > 1, is a classical field 
theory for a complex scalar field 0 ^ C and a connection 1-form Aq, : R.'"'’” —> R for 

a - 0,\,... ,n. Defining the covariant derivative 

Dq, — -t- i^a 


and the curvature 2-form 


EffyS — daAp dfjAd, 

the formal Lagrangian action functional of the Maxwell-Klein-Gordon system is given by 

r (-H dx dt, 

Jri+" 4 2 
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where the Einstein summation convention is in force and Minkowski space is endowed with 
the standard metric diag(-l, +1,..., +1). Then the Maxwell-Klein-Gordon equations are the asso¬ 
ciated Euler-Lagrange equations 

I = Im(0DQ,0), 

I = 0, 

where = DaD°‘ is the covariant d’Alembertian. The system has two important features. Eirst, it 
enjoys the gauge invariance 

AaV^Aa- daj, 0 e‘'^(f> 

for any suitably regular function y : —> R. Second, it is Lorentz invariant. Moreover, the 

system admits a conserved energy 

(1-2) E(A,^):^ r + 

afi ^ a 

Given that the system of equations (11.11) is invariant under the scaling transformation 
Aa{t, x) AAa{A.t, Ax), <p{t, x) A(f>{At, Ax) for T > 0, 


one distinguishes between the energy sub-critical case corresponding to n < 3, the energy critical 
case for n - A, and the energy super-critical case for n > 5. To the best of the authors’ knowledge, 
at this point no methods are available to prove global regularity for large data for super-critical 
nonlinear dispersive equations. The most advanced results for large data can be achieved for critical 
equations. 


Imposing the Coulomb condition djAj = 0 for the spatial components of the connection 
form A, the Maxwell-Klein-Gordon system decouples into a system of wave equations for the 
dynamical variables (Aj, (p), j = 1,..., n, coupled to an elliptic equation for the temporal compo¬ 
nent Aq, 


(MKG-CG) 


nAj = -'Pj lm{(l)Dx(p), 

< Oa<P - 0 , 

AAo ^ - \m{(t)DQ(p), 


where P is the standard projection onto divergence free vector fields. 


We observe that in the formulation (MKG-CG), the components (Ay, (/>),]= I,... ,n, implicitly 
completely describe (Aq,, (p), since the missing component Aq is uniquely determined by the elliptic 
equation 

(1.3) AAo = - lm{(pdt(p) + \(pfAo. 


Eor this reason, we will mostly work in terms of the dynamical variables (A^, (p), it being understood 
that required bounds on Aq can be directly inferred from (11.31) . In particular, to describe initial data 
for (MKG-CG), we will use the notation Ay[0] (Ay, 5,Ay)(0, •) and 0[O] := {(p,dt(p){0, •)■ Often, 
we will simply denote these by {A^, 0)[O]. 

The present work will give a complete analysis of the energy critical case n = A. More precisely, 
we implement an analysis closely analogous to the one by the first author and Schlag IfSOl in the 
context of critical wave maps in order to prove existence, scattering and a priori bounds for large 
global solutions to (MKG-CG). Moreover, we establish a concentration compactness phenomenon, 
which describes a kind of “atomic decomposition” of sequences of solutions of bounded energy. 
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To formulate our main result, we introduce the following notion of admissible data for the evo¬ 
lution problem (MKG-CG) on 

Definition 1.1. fVh call C°°-smooth data {Ax, 0)[O] admissible, provided A;c[0] satisfy the Coulomb 
condition and 0[O] as well as all spatial curvature components Fyjt[0] are Schwartz class. Moreover, 
we require that for j - 1,..., 4, 

|Ay[0](A)| < {x)~^ as \x\ oo. 

In particular, admissible data are of class //*(R"*) x Hf~^{M.^) for any 5 > 1 and thus, the local 
existence and uniqueness theory developed by Selberg applies to them. One can easily verify 
that as long as the solution exists in the sense of ||36l, and hence in the smooth sense, it will be 
admissible on fixed time slices. The above notion of admissible data therefore leads to a natural 
concept of solution to work with, and we call such solutions admissible. Our main theorem can 
then be stated as follows. 


Theorem 1.2. Consider the evolution problem (MKG-CG) on There exists a function 

K: (0,oo) ^ (0,oo) 

with the following property. Let (A;f,0)[O] be an admissible Coulomb class data set such that the 
corresponding full set of components (Aq,, f) has energy E. Then there exists a unique global in time 
admissible solution (A, f) to (MKG-CG) with initial data {Ax, 0)[O] that satisfies for any ^ ^ ^ | 

with 2<q<oo, 2<r<oo, y = 2- ^- j the following a priori bound 


(1.4) < CME). 

The solution scatters in the sense that there exist finite energy free waves fj and g, nfj = ag = 0, 
such that for j - 1,..., 4, 



lim \\Vt,x(l>{t,-) 

t-^ + OO " 


oil 


L2(R4) 


0 , 


and analogously with different free waves for t -oo. 


In fact, we will prove the significantly stronger a priori bound 

where the precise definition of the S ' norm will be introduced in Section |2l The purpose of this 
norm is to control the regularity of the solutions. 

Recently, a proof of the global regularity and scattering affirmations in the preceding theorem 
was obtained by Oh-Tataru ll32] - l^ . following the method developed by Sterbenz-Tataru II401I41II 
in the context of critical wave maps. Our conclusions were reached before the appearance of their 
work and our methods are completely independent. 


1.1. A history of the problem. In this subsection we first consider this work in the broader context 
of the study of the local and global in time behavior of nonlinear wave equations and highlight 
some of the important developments over the last decades that crucially enter the proof of our 
main theorem. Afterwards we give an overview of previous results on the Maxwell-Klein-Gordon 
equation. 

Null structure. In many geometric wave equations like the wave map equation, the Maxwell-Klein- 
Gordon equation, and the Yang-Mills equation, the nonlinearities exhibit so-called null structures. 
Heuristically speaking, such null structures are amenable to better estimates, because they damp the 
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interactions of parallel waves. The key role that these special nonlinear structures play in the global 
regularity theory of nonlinear waves was first highlighted by Klainerman ifTTl . At that point the 
theory of nonlinear wave equations relied for the most part on vector field methods and parametrices 
in physical space. However, in more recent times the key role that null structures play also within the 
more technical harmonic analysis approach cannot be overstated. In fact, in fl^ a whole program 
with precise conjectures pertaining to the sharp well-posedness of a number of nonlinear wave 
equations with null structure was outlined. The present work may be seen as a further vindication 
of the program outlined by Klainerman. Null structures also play a pivotal role in the much more 
complex system of Einstein equations, as evidenced for example in the recent deep sequence of 
works by Klainerman-Rodnianski-Szeftel IfTTlI and Szeftel Il44l - I^ on the bounded curvature 
conjecture. 

Function spaces. The development of spaces by Klainerman-Machedon in the seminal works 
ifTStiT^ in the low regularity study of nonlinear wave equations provided a powerful tool to take 
advantage of the null structures in geometric wave equations. The fact that the Maxwell-Klein- 
Gordon and Yang-Mills equations actually display a null structure in the Coulomb gauge was a key 
observation in these works. Moreover, the observation by Klainerman-Machedon that these null 
structures are beautifully compatible with the functional framework has been highly influential 
ever since. Different variants of the X^’^ spaces were independently introduced by Bourgain ||2l in 
the context of the nonlinear Schrddinger equation and the Korteweg-de Vries equation. 

In the quest to prove global regularity for critical wave maps for small initial data it turned out that 
not even the strongest versions of the critical X^’^ type spaces yielded good algebra type estimates. 
This problem was resolved through the development of the null frame spaces in the breakthrough 
work of Tataru |[52l . We will introduce these spaces later on, see also lISTI . ll5^ . and for more 
discussion. 

Renormalization. The key difficulty for the (MKG-CG) equation is the equation UAf = 0, which in 
expanded form is given by 

□0 = -2iAad"4> + i{dtAo)(p + AaA"<p. 

The contribution of the low-high frequency interactions in the magnetic interaction term 
(1.5) - liAjdjf 

turns out to be non-perturbative in the case when the spatial components of the connection form 
are just free waves. This problem already occurs for small data and is not only a large data issue. 
One encounters a similar situation in the wave map equation. In the breakthrough works 1150115111 
Tao exploited the intrinsic gauge freedom for the wave maps problem to recast the nonlinearity into 
a perturbative form. However, for the (MKG-CG) equation the gauge invariance is already spent. 
Rodnianski and Tao lIMl found a way out of this impasse by incorporating the non-perturbative 
term into the linear operator and by deriving Strichartz estimates for the resulting wave operator via 
a parametrix construction. This enabled them to prove global regularity for (MKG-CG) for small 
critical Sobolev data in n > 6 space dimensions. A key novelty in the small data energy critical 
global well-posedness result for (MKG-CG) in n = 4 space dimensions by the first author, Sterbenz, 
and Tataru Il22l was the realization that the parametrix from ll^ is also compatible with the com¬ 
plicated X^’^ type and null frame spaces. The functional calculus from Il22l for the paradifferential 
magnetic wave operator 

n‘’^^n + 2iY,P<k-cAf‘'Pkdf 
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where Pk denotes the standard Littlewood-Paley projections and j = 1,..., 4, are free waves, 
plays an important role in this work and has to be adapted to the large data setting. 

Bahouri-Gerard concentration compactness decomposition. Bahouri and Gerard lUl proved the 
following description of sequences of solutions to the free wave equation with uniformly bounded 
energy. 

Let {{ipn,il^n)]n>\ ^ X L^(R^) be a bounded sequence and let v„ be the solution to the 

free wave equation uv„ - 0 on R X K.^ with initial data (v„, Then there 

exists a subsequence {vj,)„>i of {Vn]n>i and finite energy free waves as well as sequences 
tn\ c R+ X R X R^, j > 1, such that for every I > \, 


(1.6) 

and 


I 1 


t _ /T V _ fP 

L Lf^ A Ayi 

fj) ’ fj) 

An An 


+ wj^\t, x) 


,.W|| 


limlimsup||w„ 


= 0 . 


Moreover, there is asymptotic decoupling of the free energy 

= Z J + 0 ( 1 ) » 

7=1 


n ^ oo, 


and for each j + k, we have the asymptotic orthogonality property 


(1.7) 


lim 


I O') 

W) 


jO) 

71) 


+ 


\e 




\Xn^ 


JT)\ 


f}) 


fj) 


= oo. 


The free waves VOl are referred to as concentration profiles and the importance of the linear profile 
decomposition (11.61) is that it captures the failure of compactness of the sequence of bounded solu¬ 
tions {vn]n>i to the free wave equation in terms of the non-compact symmetries of the equation and 
the superposition of profiles. Simulfaneously fo Bahouri and Gerard, Merle and Vega If28l obfained 
similar concenfrafion compacfness decomposifions in fhe confexf of fhe mass-crifical nonlinear 
Schrddinger equafion. This is very analogous fo fhe concenfrafion compacfness mefhod originally 
developed in fhe confexf of ellipfic equafions, see e.g. ll23] - [2^ and 1431 for a discussion of fhe 
original works. 

Bahouri and Gerard also esfablished an analogous nonlinear profile decomposition for Shafah- 
Sfruwe solutions fo fhe energy critical defocusing nonlinear wave equafion on 

R X R^, see 1381, wifh fhe same initial dafa (m„, dtUn)\t=Q - {i-Pn, fin)- Their main application of Ibis 
nonlinear profile decomposifion was fo prove fhe exisfence of a function A : (0, oo) —> (0, oo) wifh 
fhe properly fhal for any Shafah-Slruwe solution utouu - u^ if holds fhaf 


where E{u) denofes fhe energy functional associafed wifh fhe quinfic nonlinear wave equation. 

The Bahouri-Gerard profile decomposition is of fundamenlal imporfance for fhe Kenig-Merle 
mefhod fhal we will describe in fhe nexf paragraph. In fhe proof of our main fheorem we will have 
fo sfudy sequences of solufions fo fhe (MKG-CG) equation wifh uniformly bounded energy. A 
key sfep will be fo obfain an analogous Bahouri-Gerard profile decomposifion for such sequences. 
This poses significanl problems, which can be heurisfically understood as follows. Very roughly 
speaking, fhe reason why fhe Bahouri-Gerard profile decomposifion “works” for fhe energy critical 
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nonlinear wave equation uu - is that in the quintic nonlinearity the interaction of two nonlinear 
concentration profiles living at asymptotically orthogonal frequency scales vanishes. This reduces 
to consider diagonal frequency interactions of the concentration profiles in fhe nonlinearity, buf fhen 
fhese profiles musf essentially be supporfed in differenl regions of space-fime due fo fhe asympfofic 
orfhogonalify properly (11.71) and Iherefore do nof inleracl sfrongly. In confrasl, for fhe (MKG- 
CG) equafion frequency diagonalizalion appears lo fail in fhe difficulf magnetic inferacfion lerm 
(11.51) for low-high inferacfions. A similar sifuafion occurs for crifical wave maps. In fhe latter 
confexf fhe firsl aufhor and Schlag GDI devised a novel profile decomposifion lo lake info accounl 
fhe corresponding low-high frequency inferacfions. Our approach is sfrongly influenced by GDI , 
buf we will have lo use a slighlly differenl “covarianl” wave operator fo exlracl fhe concenlrafion 
profiles, see fhe discussion in fhe nexl subsecfion. 

The Kenig-Merle method. Kenig and Merle 0[TD]| inlroduced a very general melhod fo prove 
global well-posedness and scattering for crifical nonlinear dispersive and wave equations in bolh 
defocusing and focusing cases, in fhe latter case only for energies slriclly less lhan fhe ground slale 
energy. Their approach has found a vasl amounl of applications over fhe Iasi years. We illuslrale 
fhe melhod in fhe confexf of fhe energy critical defocusing nonlinear wave equafion uu = on 
R X R^. One can use fhe Lf L^(R x R^) norm to conlrol fhe regularity of solufions to Ihis equafion 
and easily prove local well-posedness and small dafa global well-posedness based on Ihis norm. 
In fhe firsl slep of fhe Kenig-Merle melhod one assumes lhal global well-posedness and scattering 
fails for some finile energy level. Then lei Ecru be fhe crifical energy below which all solutions exisl 
globally in lime wilh finile Lf L^(R x R^) bounds, in particular if musf hold lhal Ecrit > D. Thus, we 
find a sequence of solufions such lhal E{un) Ecru and ||M«||i8^8 — > ex? as n —> oo. Applying 

fhe Bahouri-Gerard profile decomposition to {mh(D))„>i, we may conclude by fhe minimality of Ecrit 
lhal fhere exisls exaclly one profile in fhe decomposifion. This enables us fo exlracl a minimal 
blowup solution uc of lifespan I wilh E(uc) - Ecrit and I|ucIIl8^8(/xr 3) “ Moreover, we can infer 
a crucial compactness property of uc, namely lhal fhere exisl confinuous funclions x : / —> R^ and 
T : / —> R+ such lhal fhe family of funclions 


1 

T(05 



• - x{t) 

’ m 


- jdtuAt, 

Aim ^ 


- 40 \\ 

A{t) n 



is pre-compacf in //^(R^) x L^(R^). The second slep of fhe Kenig-Merle melhod is a rigidily argu- 
menl fo rule ouf fhe existence of such a minimal blowup solufion uc by combining fhe compaefness 
properly wilh conservalion laws and olher identifies of virial or Morawefz fype for fhe energy crifi¬ 
cal nonlinear wave equation. We will adapf fhe Kenig-Merle melhod to fhe Maxwell-Klein-Gordon 
equafion. 


We now review previous resulls on fhe Maxwell-Klein-Gordon equafion. The existence of global 
smoolh solutions lo fhe Maxwell-Klein-Gordon equafion in n = 3 space dimensions follows from 
seminal work of Eardley-Moncrief Em and fhe finile energy global well-posedness resull by 
Klainerman-Machedon ifT^ . The latter work inlroduced many new techniques info fhe sludy of 
(MKG-CG) such as exploilalion of null slruclures to oblain improved local well-posedness. The 
regularily Ihreshold for local well-posedness of (MKG-CG) was furlher lowered by Cuccagna 0| 
for small inilial dafa. An essenlially oplimal local well-posedness resull for (MKG-CG) in n = 3 
space dimensions was achieved by Machedon-Slerbenz GTll by uncovering a deep Irilinear null 
slruclure in fhe system lhal is also of crucial imporlance in Ihis work. Global well-posedness for 
(MKG-CG) below fhe energy norm was proved by Keel-Roy-Tao E using fhe I-melhod. See 
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also Selberg-Tesfahun fTTII for a finite energy global well-posedness result for the Maxwell-Klein- 
Gordon equation mn -3 space dimensions relative to the Lorenz gauge. 

In n = 4 space dimensions almost optimal local well-posedness for a model prolem related to 
the Maxwell-Klein-Gordon and Yang-Mills equations was established by Klainerman-Tataru ItTSl . 
The corresponding almost optimal local well-posedness result for (MKG-CG) was proved by Sel- 
berg 1361, which we rely on in this paper. A global regularity result in n = 4 space dimensions for 
equations of Maxwell-Klein-Gordon type with small initial data in a weighted but scaling invariant 
Besov space was obtained by Sterbenz l39l . 

Global regularity of (MKG-CG) for small critical Sobolev norm data in space dimensions n>6 
was established by Rodnianski-Tao l35l . As already described earlier, an important innovation 
in l35l was to incorporate the difficult magnetic interaction term in (MKG-CG) into the linear 
wave operator and to derive Strichartz estimates for the resulting wave operator via a parametrix 
construction. 

Small energy global well-posedness of the energy critical Maxwell-Klein-Gordon equation in 
n = 4 space dimensions was established in joint work of the first author with Sterbenz and Tataru 122} 
This work also provides the functional analytic framework that we will draw on and constantly re¬ 
fer to in this paper. The key novelty in 1221 was the realization that the parametrix construction 
from ll35]l is in fact compatible with the complicated spaces introduced for critical wave maps 
in II521I53II . II501I51L IfT^ and that these spaces play a pivotal role in the energy critical small data 
global existence theory for (MKG-CG) in light of the deep null structure revealed in 1271 . 

We also mention that for the closely related Yang-Mills equation hnite energy global well- 
posedness in energy sub-critical n = 3 space dimensions was proved by Klainerman-Machedon 1(151 . 
A different proof was later obtained by Oh 13011311 . using the Yang-Mills heat flow. Global regular¬ 
ity for the Yang-Mills system for small critical Sobolev data for n > 6 was established by the first 
author and Sterbenz 12T1 . 

For energy critical problems, it is a standard strategy to attempt to prove global regularity for 
large energies by reducing to a small energy global existence result via finite speed of propagation 
and exclusion of an energy concentration scenario. Such a method worked well, for example, for 
the critical defocusing nonlinear wave equation nu = on and for radial critical wave maps 
on At this point, with the exception of some special problems, it appears that a general large 
data result cannot be inferred by using the small data result as a black box, but instead requires a 
more or less complete re-working of the small data theory. See, for instance, the works on critical 
large data wave maps II401I41L If20ll . Il49l . Our approach here is to implement a similar strategy as 
the one by the first author and Schlag GOl for critical wave maps, which consists of essentially two 
steps. First, a novel “covariant” Bahouri-Gerard procedure to take into account the non-negligible 
influence of low on high frequencies in the magnetic interaction term. Second, an implementation of 
a variant of a concentration compactness/rigidity argument by Kenig-Merle, following more or less 
the sequence of steps in |[T0]1 . As the latter was introduced in the context of a scalar wave equation, 
and we are considering a complex nonlinearly linked system, we believe that the implementation of 
this step for the energy critical Maxwell-Klein-Gordon equation is also of interest in its own right. 

We expect that our methods extend to prove global regularity, scattering and a priori bounds for 
the energy critical Yang-Mills equations in n = 4 space dimensions for initial data in Coulomb 
gauge and with energy below the ground state energy. 

1.2. Overview of the proof. In this subsection we give a detailed overview of the proof of Theo- 
rem ll.2l In fact, the purpose of this paper is to prove a significantly stronger version of Theorem ll.21 
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namely the existence of a function K \ (0, oo) — > (0, oo) with 

for any admissible solution (A, tp) to (MKG-CG). Once this a priori bound is known, one also obtains 
the scattering assertion in Theorem ll.21 The fact that the dynamical variables of a global admissible 
solution scatter to finite energy free waves, and not to solutions to a suitable linear magnetic wave 
equation, crucially relies on our strong spatial decay assumptions about the data, see the proof of 
scattering at the end of Section [8] The precise definition of the S ^ space and its time localized 
version will be given in Section |2] and Definition 14.11 

Beginning the argument at this point, we assume that the existence of such a function K fails for 
some finite energy level. Thus, the set of energies 

£:^{£'>0: sup ||(A;„0)||^, ^+c3o} 

{A,(p) admissible 
E{A,(I))<E 

is non-empty. In view of the small energy global well-posedness result l[22l . it therefore has a 
positive infimum, which we denote by Ecrit, 

Ecrit ■= inf £. 

By definition we can then find a sequence of admissible solutions {(A”, fo (MKG-CG) such 

fhaf 

£(A", 0”) ^ E„it, lim ||(A", 0”)|L = +cx,. 

As in GOl . we call such a sequence an essentially singular sequence. The goal of fhis paper is fo 
rule ouf fhe existence of such an objecf. This will be accomplished in broad sfrokes by fhe following 
fwo steps. 

(1) Exfracfing an energy class minimal blowup solution fo (MKG-CG) wifh fhe 

compacfness properly via a modified Bahouri-Gerard procedure, which consisls of an in- 
duclive sequence of low-frequency approximations and a profile exfracfion process faking 
info accounl fhe effecl of fhe magnetic pofenlial inferaclion. Here we closely follow fhe 
procedure infroduced by fhe firsl aufhor and Schlag ll20l . buf we have fo subfly diverge 
from fhe profile exfracfion process Ihere fo correclly caplure fhe asymplolic evolution of 
fhe atomic componenfs. We note fhaf fhe heart of fhe modified Bahouri-Gerard procedure 
resides in Section |7] 

(2) Ruling ouf fhe exisfence of fhe minimal blowup solufion {^°°, 0“) by essenfially follow¬ 
ing fhe mefhod of Kenig and Merle flOl . This sfep is carried ouf in Section [8] 

We now describe fhese steps in more defail. 

A concept of weak evolution for energy class data. In order fo exfracf a minimal blowup solu¬ 
tion af fhe end of fhe modified Bahouri-Gerard procedure, we firsf need to inlroduce fhe nolion 
of a solufion fo (MKG-CG) fhaf is merely of energy class. A nalural idea here is fo approximafe 
a given Coulomb energy class dalum by a sequence of admissible dala and to define fhe energy 
class solufion fo (MKG-CG) as a suilable limil of fhe admissible solulions. One Ihen needs a good 
perlurbalion Iheory fo show fhaf fhis limil is well-defined and independenl of fhe approximafing 
sequence. Unfortunalely, Ihere is nol such a slrong perlurbalion Iheory for (MKG-CG) as for in- 
slance for critical wave maps in 1(201 due to a low frequency divergence. However, fhe problem wifh 
evolving irregular dala is really a “high frequency issue” and in Proposition 15. II we show fhaf Ihere 
is a good perlurbalion Iheory for perturbing frequency localized dala by adding high frequency per- 
lurbafions. We can Ihen define fhe evolulion of a Coulomb energy class dalum as a suilable limit 
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of the evolutions of low frequency approximations of the energy class datum, provided these low 
frequency approximations exist on some joint time interval and satisfy uniform S ^ norm bounds 
there. This is achieved in Proposition [5]^ via a suitable method of localizing the data and exploiting 
a version of Huygens’ principle together with the gauge invariance of the Maxwell-Klein-Gordon 
system. This step is additionally complicated by the fact that the (MKG-CG) equation does not 
have the finite speed of propagation property due to non-local terms in the equation for the spatial 
components of the connection form A. 

Bahouri-Gerard I: Filtering out frequency atoms and evolving the “non-atomic” lowest frequency 
approximation. The extraction of the energy class minimal blowup solution d>“) consists of 
a two step Bahouri-Gerard type procedure. This is carried out in Section |7] and forms the core of 
our argument. In the first step we consider the initial data (A”, 0'')[O] at time t = 0 of the essentially 
singular sequence (A”, </>”) and use a procedure due to Metivier-Schochet Il29l to extract frequency 
scales. In what follows we will slightly abuse notation and write (A”,(/>")[0] instead of (A”, (;f>")[0]. 
This yields the decompositions 

A 

A"[0] -2]a“[0]+AX[0], 

a=l 

A 

0"[O] = <^""[0] + <^^[0], 

a=l 

where the “frequency atoms” (A”"^, 0"‘’)[O] are essentially frequency localized to scales that 

tend apart as n — > oo, more precisely 

^na ^na' 

lim —7 H-- “ 

n^OO 

for a + a', while the error (A” , 0J^)[O] satisfies 

limsup|K[0]||g. ^^0 +|kA[0]L> xro 

n—¥oo 

for given d > 0 and A = A(d) sufhcienfly large. Moreover, we prepare fhese frequency afoms such 
thaf fheir frequency supports are sharply separafed as n ^ oo and so fhaf fhe errors {(A” , 0^)[O])„>i 
are supporfed away from fhe frequency scales (/!“)“' in frequency space. Then we selecf a number 
of “large” frequency atoms (A™, 0™)[O], a = 1,..., Aq, whose energy 0™) is above a cerfain 

small fhreshold sq depending only on Fcnt- We order fhese frequency afoms by fhe scale around 
which fhey are essenfially supporfed sfarfing wifh fhe lowesf one. 

Evenfually, we wanf to conclude fhaf the essentially singular sequence of data |(A”, 0")[O])„>j 
consists of exactly one non-trivial frequency atom that is composed of exactly one non-trivial phys¬ 
ical concentration profile of asympfofic energy Fcnt- We argue by confradicfion and assume fhaf 
this is not the case. Then the idea is to approximate the essentially singular sequence of initial 
data (A”,0'')[O] by low frequency truncations, obtained by removing all or some of the atoms 
(A”“, (;f>"'')[0], a - 1,, Ao, and to inductively derive bounds on the S' norms of the (MKG-CG) 
evolutions of the truncated data. As this induction stops after Aq many steps, we obtain an a priori 
bound on the evolutions 

(1.8) liminf ||(A”, 0 ”)llsi < “, 

n—*oo 

contradicting the assumption that {(A",0"))„>i is an essentially singular sequence of solutions to 
(MKG-CG). 
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We observe that by construction the “non-atomic” errors (A^^,0"^)[O] are split into Aq + 1 
“shells” by the frequency supports of the atoms (A”“, (^"‘')[0], i.e. we can write 

Ao+l Ao+1 

''l.m = H '‘Aim. H 

,/=i 

where the first pieces (A”|^, (/>^|^)[0] have Fourier support in the region closest to the origin. In 
Subsection 17.31 we then derive a priori S ' norm bounds on the evolutions of the lowest frequency 
approximations (A”|^, 0”'^)[O]. The problem here is that the pieces (A”'^, might still have 

large energy, which forces us to use a finite number of further delicately chosen low frequency 
approximations {PP of these pieces. Importantly, this number only depends on the 
size of Ecrit- We then inductively obtain bounds on the S ' norms of the (MKG-CG) evolutions of 
the low frequency approximations {PP by bootstrap. This step is tied together in 
Proposition 17.41 In particular. Step 3 of the proof of Proposition 17.41 is the core perturbative result 
of this paper and is used in variations at other instances later on. 

Bahouri-Gerard II: Selecting concentration profiles and adding the first large frequency atom. Hav¬ 
ing established control over the evolution of the lowest frequency “non-atomic” part (A”|^, 0^|^)[O], 
we then add the first frequency atom (A”', 0”')[O] and consider the evolution of the data 

(A^i +A”',<^ + ,^"i)[0]. 

Here we first have to understand the lack of compactness of the functions (A”',It is at 
this point that we deviate most significantly from the standard Bahouri-Gerard profile extraction 
procedure [T] and also the modified profile extraction procedure developed by the first author and 
Schlag EOl in the context of critical wave maps. We still extract the concentration profiles for the 
data A”^[0] using the standard Bahouri-Gerard extraction procedure. However, we evolve the data 
^"'[0] with respect to the following “covariant” wave operator 

□yini := □ -t -I- 

and extract the profiles as weak limits of these evolutions to take into account the strong low-high 
interactions for (MKG-CG). Here, A”|^(f, x) is the (MKG-CG) evolution of the low frequency data 

(A^'^,0”'^)[O], while is the free wave evolution of the data A"^[0] for j = 1,... ,4, and we 

simply put = 0. In comparison with IT] and EOl . a key difficulty in this step is that solutions 

to the covariant linear wave equation = 0 only conserve the free energy in a mild asymptotic 
sense, see Lemma 17.81 Importantly, after passing to subsequences, we may use the same space- 
time shifts (t“^,x“^) for extracting the concentration profiles both for A”^[0] and for Once 

the profiles have been picked, we use them to construct approximate, but highly accurate, nonlinear 
profiles in Theorem 17.141 To this end we solve the (MKG-CG) system in very large but finite space- 
time boxes centered around (t“^, x!^), using the concentration profiles as data, while outside of these 
boxes, we use the free wave propagation for A and the “full” covariant wave operator (involving the 
influence of all other profiles) for cp. This is the same strategy as the one pursued for wave maps 
in E0]l . Provided that all concentration profiles have energy strictly less than Ecrit with respect to 
the Maxwell-Klein-Gordon energy functional, we can then use our perturbation theory to construct 
the global (MKG-CG) evolution of the data (A”|^ -i- A"', 0”'^ + 0"') [0] and to obtain a priori S ' norm 
bounds. 
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Conclusion of the induction on frequency process. We may then repeat the preceding steps and “add 
in” all remaining frequency atoms to conclude a priori global S ^ norm bounds on the evolution of 
the full data (A”, 0”)[O]- The conclusion of this induction on frequency process is that we arrive at 
a contradiction, unless the essentially singular sequence of data (A”,(;6")[0] consists of exactly one 
frequency atom that is composed of precisely one concentration profile of asymptotic energy Ecrit- 
Due to our relatively poor perturbation theory for (MKG-CG), it then still requires a fair amount 
of work to extract an energy class minimal blowup solution from this essentially singular sequence 
(A",0”), see Section |6] and Subsection 17.61 Finally, in Theorem 17.231 we obtain an energy class 
minimal blowup solution d)°°) to (MKG-CG) with lifespan I and with the crucial compactness 
property that there exist continuous functions x : / —> and T : 7 —> (0, oo) so that each of the 

family of functions 


for j - 1,..., 4 and 



- xit)' 

1 ‘ 

Ait) ^ \ 

Ait) , 

1 Ait) 


- xit)' 

), ‘ 

ait) \ 

Ait) . 

1 Ait) 




, 5 , 0 ' 




- 40 \\. 

Ait) // ■ 


- 40 \\. 

A{t) //■ 




is pre-compact in H^iR^) x 

The Kenig-Merle rigidity argument. In the final Secfion [H we rule ouf fhe exisfence of such a 
minimal blowup solufion iJl°°, 0“) wifh fhe compacfness properly by following fhe scheme of fhe 
Kenig-Merle rigidify argumenf ITOl . The idea is lo infer from fhe compacfness properly and fhe 
minimal energy properly of iJl°°, <1)“) fhe existence of eilher a sialic solufion lo (MKG-CG) or else 
Ihe existence of a self-similar blowup solution lo (MKG-CG) and lo Ihen exclude Ihe existence of 
bolh of Ihese objecls. 

A crucial step in Ihe Kenig-Merle rigidity argumenl is lo conclude lhal Ihe momenlum of iJl°°, 0°°) 
musl vanish. The proof of Ihis hinges on Ihe relativistic invariance of Ihe Maxwell-Klein-Gordon 
equation and Ihe Iransformalion behavior of Ihe Maxwell-Klein-Gordon energy functional under 
Lorenlz Iransformalions. This step is technically difficull for Ihe Maxwell-Klein-Gordon equation, 
because Ihe S ' norm is much more complicated lhan Ihe Slricharlz norms used in flOl . 

We Ihen distinguish belween Ihe lifespan I of iJl°°, 0“) being finite in al leasl one time direction 
or not If I is infinite, we face Ihe possibility of a sialic solution, which we rule oul using virial 
type identities for Ihe Maxwell-Klein-Gordon equation, Ihe vanishing momenlum condition for 
(JA°°,<1>“) and a Vilali covering argumenl from Il20l . If instead I is finite al one end, we reduce 
lo a self-similar blowup scenario. We Ihen uncover a Lyapunov functional for solutions lo Ihe 
Maxwell-Klein-Gordon equation in self-similar variables. This is Ihe key ingredienl, which allows 
us lo also rule oul Ihis scenario. The derivation of Ihis Lyapunov functional appears significanlly 
more complicated lhan in IfTOll or Il20l and we use Ihe Irick of working in a Cronslrom-lype gauge 
lo simplify Ihe compulations. 


1.3. Overview of the paper. We now give an overview of Ihe slruclure of Ihis paper. The Iwo 
main steps of Ihe proof of Theorem 11.21 are Ihe modified Bahouri-Gerard procedure in Section |7] 
and Ihe rigidity argumenl in Section [8] The necessary technical preparations are carried oul in Ihe 
sections leading up lo Section |7] 

• In Section |2] we lay oul Ihe functional framework following 1221 • 

• In Section |3] we prove key estimates for Ihe linear magnetic wave equation n^u = f. 

• In Section |4] we slate Ihe property of Ihe S ^ norm as a regularity conlrolling device. 
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• In Section [5] we show how to unambiguously locally evolve Coulomb energy class data 
(Ax, 0)[O] via approximation by smoothed data and truncation in physical space to reduce 
to the admissible setup. Here one needs to pay close attention to the fact that solutions to 
(MKG-CG) do not obey as good a perturbation theory with respect to the S ' spaces as, 
say, critical wave maps in a suitable gauge, due to a low frequency divergence. Hence, 
one needs to be very careful about the correct choice of smoothing, using low frequency 
truncations of the data. Moreover, to ensure the existence of an energy class local evolution 
of Coulomb energy class data (Ax, 0)[O] on a non-trivial time slice around t = 0, we need 
to prove uniform S ^ norm bounds for the approximations, which we accomplish similarly 
to the procedure in EOll via localization in physical space, see Proposition 15.21 We also 
introduce the concept of the “lifespan” of such an energy class solution and the definition 
of its S ^ norm. 

• In Section^we then state that energy class data (Ax, 0)[O] obtained as the limit of the data 
of an essentially singular sequence, which will be the outcome of the modified Bahouri- 
Gerard procedure, lead fo a singular solufion (A, (p) in fhe sense fhaf 


sup||(A.,0)||5,y^R4) = +°o, 


where I denofes ifs lifespan. The proof of Ibis as well as a number of furfher fechnical 
assertions will be relegafed fo Subsection 17.41 

• In Section |7] we carry ouf fhe modified Bahouri-Gerard procedure. In Subsection 17. 1 1 and 
Subsecfion l7.2l we exfracf fhe “frequency afoms” mimicking closely fhe procedure in If20l . 
Then we show in Subsection l7.3l how fhe lowesf frequency “non-afomic” parf of fhe low 
frequency approximafion induction can be globally evolved wifh good S ^ norm bounds. 
In Subsecfion 17.41 we prove several fechnical assertions fhaf all use fhe core perfurbafive 
resulf from Sfep 3 of fhe proof of Proposition 17.41 In Subsecfion 17.51 we add fhe firsf 
“large” frequency atom by exfracfing concenfrafion profiles and invoking fhe inducfion 
on energy hypofhesis fhaf all profiles have energy sfricfly less fhan Ecrit- The end resulf 
of fhe modified Bahouri-Gerard procedure is obfained in Subsecfion 17.61 see in parficular 
Theorem 17.231 We fhen have a minimal blowup solution (Jl°°, 0°°) wifh fhe required 
compacfness properfy. 

• In Section [8] we rule ouf fhe existence of a minimal blowup solufion (Jl°°,(S>°°) wifh fhe 
compacfness properfy. To fhis end we largely follow fhe scheme of fhe rigidify argumenf 
by Kenig-Merle llTOll . In Subsecfion 18.II we derive several energy and virial identifies for 
energy class solufions fo (MKG-CG). Then we prove some preliminary properties of fhe 
minimal blowup solufion (J71“, d)°°), in parficular fhaf ifs momenfum musf vanish. Denof- 
ing by I fhe lifespan of (^°°, d)°°), we distinguish befween := ID [0, oo) being a finite or 
an infinife lime interval. In fhe nexl Subsecfion l8.21 we exclude fhe existence of a minimal 
blowup solufion (Jl°°, 0“) wifh infinite lime inferval using fhe virial idenfilies, fhe facf 
fhaf fhe momenfum of (J71“,<1'“) musf vanish and an addifional Vilali covering argumenf 
inlroduced in l[2()ll . Moreover, we reduce fhe case of finite lifespan I* to a self-similar 
blowup scenario. In fhe Iasi Subsection 18.31 we fhen derive a suilable Lyapunov func¬ 
tional for fhe Maxwell-Klein-Gordon system in self-similar variables, which will enable 
us to also rule ouf fhe self-similar case and Ihus finishes fhe rigidify argumenf. Finally, we 
address fhe proof of fhe scallering assertion in Theorem 11.21 




CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


13 


We remark that we will often abuse notation and denote the spatial components of the con¬ 
nection form simply by A. 

Acknowledgments'. The authors are grateful to the referee for valuable corrections and suggestions. 

2. Function spaces and technical preliminaries 

We will be working with the same function spaces that were used for the small data energy 
critical global well-posedness result for the MKG-CG system |[22ll together with their time-localized 
versions. In this section we briefly recall their definitions. For a more detailed discussion of these 
spaces we refer to Section 3 in Il22]| and OTI . BOl . GOll . 

In this work we only rely on the precise fine structure of these spaces in that we frequently use 
the multilinear estimates from ll 22 ]| to reduce to “sufficiently generic” situations where a divisibility 
argument works, i.e. when all inputs are approximately at the same frequency and have angular 
separation between their frequency supports. 

In order to introduce various Littlewood-Paley projection operators, we pick a non-negative even 
bump function £ C“(]R) satisfying ^otv) = 1 for bl ^ 1 and (poiy) = 0 for |y| > 2 and set 
ipiy) - - (po{2y). Then we define the standard Littlewood-Paley projection operators for k € Z 

by _ ^ 

p^m = 

We use the concept of modulation to measure proximity of the space-time Fourier support to the 
light cone and define for y € Z the projection operators 

r{Qjf){T,^) - ^(2-f||Ti - \mnf){r,a 

riQ^fXr,^) - ipi2-j\\T\ - |^||);ri±.>0| r(/)(r,^), 

where p' denotes the space-time Fourier transform. Occasionally, we also need multipliers S / to 
restrict the space-time frequency and correspondingly set for Z e Z, 

ris,f){T,o = ^(2-'i(T,^)i)r(/)(T,f). 

We also use projection operators to localize the homogeneous variable j|| to caps m c of 
diameter ~ 2^ for integers Z < 0 via smooth cutoffs. We assume that for each such Z < 0 these 
cutoffs form a smooth partition of unity subordinate to a uniformly finitely overlapping covering of 
by caps oj of diameter ~ 2 ^ 

With these projection operators in hand we introduce the convention that for any norm || • II 5 and 
any p e [ 1 , 

J_ 

^keZ 

Next we define the type norms applied to functions at spatial frequency ~ 2*, 

fez 

for s,b €R and p € [ 1 , 00 ) with the obvious analogue for p = 00 , 
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We will mainly use three funetion spaees N,N*, and S. Their dyadie subspaees Njc,N'^ and S k 
satisfy 


'\t2 . ^ 0 -i 


OOjlrs V^’ 2 


Nk = ^ Nl = n QSkQ 


Then we have 




keZ 


keZ 


The spaee 5;^ is defined by 


where 


mil, = mils,r + + 


cStr _ 
•^k - 


i + W<3 

q r 4 

UW^ang ^ sup^ ||P5^e<i:+2/0||5^(Q 


/<0 


and the angular seetor norms 5'"(/) are defined below. 

To infroduee fhe angular seefor norms we firsl define fhe plane wave spaee 

Il0llpiv±(/) = inf r 11^2 joc doj' 

(p=f <l>‘^ J\a)-a)’\< 2 ‘ 


and fhe null energy spaee 

UWne ^ sup 

LJ ^ 

where fhe norms are wifh respeef fo f’* = t ± m • x and fhe fransverse variable, while denotes 
spatial differenfialion in fhe plane. We now sef 


l |2 

''PWZil) 


iiyiis-(o - \mls,r+2 -^’^u\\Ie + 2-^^ Y, 

± 

Y {\\PCu>(l’)(l>\\ls,r + 2“^^||PCjK/')yllAi? 

Cy{l') " 


+ sup 

k'<k,l'<0, p ,{l'\ 
k+2l<k'+l’<k+l ^ ’ 


+ 2 


-2k'-ku 


where Pcy(i’) is aprojeefion operafor fo a radially direefed bloekCu(fO of dimensions 2^ x(2^ )^. 


Then we define 



iiyigi 

keZ 

+ \\^(P\? 

and fhe higher derivafive 

norms 



ll-^llsiv - l|vf;Vlls> 

, N>2. 

Moreover, we infroduee 




IlnlLtt = IIV<,xm|Iz,~l2 
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On occasion we need to separate the two characteristic cones {t = ±|^|). To this end we define 

Nk,±, Nk = Nk,+ n Nk- 

ctl ctl _ ctl ,ctl 

k,±’ k ~ k,+ k- 

We will also use an auxiliary space of L“ type, 

UWz - 2] \\Pk4>U, \ml = supY,^'\\p^Qk+2i4>\\l,L7- 

keZ oj 

Finally, to control the component Aq, we define 

ll^ollyl = l|V/,Ji:^0ll^oo^2 + II^oII^ 2^3/2 + ll<5fAo|P2^1/2 


and the higher derivative norms 

ll^olly~ = l|Vf;%||y,, N>2. 

The link between the S and N spaces is given by the following energy estimate from 

l|Vr,x0lls ^ l|Vf,xt^(0)||^2 + Iln^lU- 

We will need to work with time-localized versions of the S k and Nk spaces. For any compact 
interval / c R and k e Z, we define 

ll*Allst( 7 xR‘*) ■= Jnf l|F«:lAll 5 ^(RxR'‘) 

^\i='P\i 

with \fj and \jj Schwartz functions. Analogously, we define Nk{l x R^). 

The following lemma shows fhaf the Sk and Zk spaces are compatible with time cutoffs. We will 
frequently use this fact without further mentioning. 

Lemma 2.1. Let xi be a smooth cutoff to a time interval / c R. Then it holds for all k eZ that 


and 


\\Pk(xi4>)\\ 

\\Pk0^i<P)\\ 


< 


llA^I 




Proof. This is obvious for the Strichartz type norms. It remains to show it for the Xff and 
components. We start with the former. For fixed j e Z, we have 

Qjixif) = Qj{Qj+o{i)(xi)Q<j-c(f>) + Qj(xiQ>j-ci<P))- 

Using the bound 

||2y+o(i)Cr/)||i2 ^ 2~2f 

we obtain 

2~^^\\QjiQj+0{l)(Xl)PkQ<j-C<P)\\L2L2 < ||^^<^|L;»i 2 - 

Moreover, we find 

||nto«|| .,i s ||A(»||s.. 


ang 


Thus, we have 
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Next, we consider the component, which is given by 

WcpWs-^ng = sup 'y^ 

at 

We write 

P ‘1 Q<k+ 2 l(Xl(t>) = Pf Q<k+ 2 l(XlQ<k+ 2 l+C<l>) + P ‘1 Q<k+2lOClQ>k+2l+c4>) 

Then the first term on the right hand side is bounded by 

\\P‘fQ<k+2lO(:iQ<k+2l+C<P)\\s^(^l^ ^ ||■f’^2<A:+2/+C0||5^(;)> 

where we have used the fact that the operator P‘j‘Q<k+ 2 i is disposable. For the second term above, 
we use that 

'y, \\P‘l'Q<k+2l(XlQ>k+2l+C0)\\si^(n ~ \\PkQ<k+2!(XlQ>k+2l+c4')\\ o.| ^ H^H 0 ,^ ■ 

k X I -^00 

Cl) i “ 

For the space, fix a scale / < 0 and consider fhe expression 

CO 

Write 

P‘^Qk-¥ 2 i{xi 4 >) = P‘^ Qk+2i{Q<k+2i-c(xi)<P) + P‘f Qk+ 2 i{Q>k+ 2 i-cO(:i) 4 >)- 

For fhe firsf ferm on fhe righf hand side, we have 

\\p‘f Qk+2liQ<k+2l-ci)(:i)(l>)\\iiL<^ ^ ||■P^2<:+2/+O(I)0||^l^~. 
which leads fo an accepfable confribufion. For fhe second term on fhe righf hand side, we use 
\\P‘fQkMQ>k-,2i-c(xi)cp)\i^LT^\\Q^'<^^‘-c0ci)\\^2-2‘^^^^^ 

If follows fhaf 

2^P‘!^QkMQ>k+2l-c(Xl)4>)\\^LT ^ 

which can be square-summed over o), see (9) in (221. □ 

3. MiCROLOCALIZED magnetic wave EQUATION 

In fhis section we assume fhaf fhe spatial componenfs of fhe connection form A are solutions fo 
fhe linear wave equation uA^ = 0 on Rf x for j = 1,..., 4 and fhaf A is in Coulomb gauge. We 
define fhe magnefic wave operafor 

(3.1) D>’^ = D + 2iyP<k-cA^Pkdj. 

keZ 

The goal of Ibis secfion is fo derive fhe following linear esfimafe for fhe magnefic wave operafor n^. 

Theorem 3.1. Suppose that uA^ = 0 on R; x R^/or j - 1,... ,4 and that A is in Coulomb gauge. 
For all f e N(R x R"^) and {g, h) e //].(R'^) x L^(R^), the solution to the magnetic wave equation 

n^(p = f on's. X R^, 

i<P, <Pt)\t=o = (g, h) 


(3.2) 
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exists globally and satisfies 

(3-3) II0IIs‘(Rxr4) < + \\h\\j2 + ll/ll -i )> 

where the constant C > 0 depends only on ||Vf ;t-A ||^2 and grows at most polynomially in ||Vf ;fA||£ 2 . 

Proof. By time reversibility it suffices to prove the existence of the solution f on the time interval 
[0, oo). Let £ > 0 be a sufficiently small constant to be fixed later. We may cover the time interval 
[0, oo) by finitely many consecutive closed intervals f,... ,Ij with the following properties. The 
number of intervals J depends only on ||Vf ;fA ||^2 and e, the intervals Ij overlap at most two at a 
time, consecutive intervals have intersection with non-empty interior and [0, oo) - Most 

importantly, the intervals Ij are chosen such that a finite number of suitable space-time norms of 
the magnetic potential A that will be specified lafer are less fhan e uniformly on all infervals Ij. 

We firsl consfrucf suifable local solufions fo fhe magnetic wave equation (13.21) on the intervals 
Ij. The precise statement is summarized in the following theorem. Its proof will be given further 
below and is based on a parametrix construction. The accuracy of the parametrix crucially relies 
on the above mentioned smallness of suitable space-time norms of the magnetic potential A on the 
intervals Ij. We use the notation Ij = \T^j^, T^'p^ for the left and right endpoints of Ij. 

Theorem 3.2. Let f e N(^ x R'^) and {g,h) e x L^(K.^). For j = !,...,/ there exists a 

solution € 5 ^(R X R'*) to 

i =f on Ij X R^ 

I 4>P)\,=Tf ^ h 

in the sense that ~/)IIa(RxR'‘) = Ofora sharp cutoff xp to the time interval Ij. Moreover, 

it holds that 

(3.5) . C(|ia«, . Ilill,; . 

where the constant C > 0 depends only on ||Vf vA||£ 2 . 


Finally, we obtain the solution cp to the magnetic wave equation (13.21) on [0, oo) x R^ by patching 
together suitable local solutions on the intervals Ij. Given ig,h) € //^(R"^) x L^CR'*) and / e 
A^(R X R"^), Theorem |T2] yields a solution e S ^(R x R"^) on f = [0, tP] to 

( = / on /i X R^ 


Next, we obtain a solution (jp"’ € 5 ^(R x R'^) on I 2 - [T^, Pp] to 


= / on /2 X : 




t=T: 


.(,) = {P\tP),4>P{tP)), 


where we recall that I\ h 7^ 0 with T® < Pp. We proceed analogously for the remaining 
intervals It,,. .. ,Ij. By uniqueness, we must have for j - 1, • • •, T - 1. We 
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choose a smooth partition of unity [xj] subordinate to the cover {Ij] such that supp(;yy) c Ij and 
supp(;y'.) cc {Ij-i n Ij) U (/y n /y+i). We then define 


,/=i 

Since we have;y' + x'-+\ = 0 on /y n /y+i for 7 = 1,..., 7 - 1, it follows that 


= 0 on : 
y=i 


and hence, 


Similarly, we find fhaf 


J J 

7=1 ;=i 


it 


;=i ;=i 

Using Lemma inl and esfimafe (13.51) . we fhus conclude thaf 

J 

;=i 

J 


< 




;=i 


< 


y=i 

< C(7)C(||V,^;tA||^2)(||g||^| + ||/i||^2 + ||/|Ia?(rxr4)). 

Since J depends only on fhe size of ||V, ;i;A ||^2 and s, we obfain fhe desired esfimafe (I3.3I) . □ 

We proceed wifh fhe proof of Theorem 13.21 

Proof of Theorem U72\ We begin by considering for every k eZ fhe frequency localized problem 


(3.6) 


°Ajk = fk on Ij X : 


where j, - □ + 2/P<^_cA^/’j(.(9y. X&ixij denote a sharp culoff fo fhe lime inlerval Ij. We firsl wanl 
lo conslrucl an approximale solufion ^ to (13.61 ) that satisfies 


(3.7) 

and 


ll^lpp,t:lls^(RxR4) < C(||g<:||^j + WhkWil + ll/t:IUj(RxR4)) 


iiC/^P - - fk)\\ 


(NknLjHp)mxR'^) 


< el 


(llf^llffi + + IIAII 


{NtnLfli^ ^ )(RxR4) 


)■ 


(3.8) 
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To this end we split 


where is supported in the region ||t| - |f|| < 1^. We note that it holds that 


f _ fell 

Jk - Jp. + Jk ^ 


(3.9) 

Iln-'/f lls*(RxR4) ^ ll/f IIa.(RxR4). 

Theorem 13.31 below fhen yields an approximate solufion to 

(3.10) 

I = t" on 'j X R*. 

1 = &,/..) - ((D-'/r'krf),(a,□->/;" 

that satisfies 


(3.11) 

II4rmIIs;iRxR4) X lllxll//] + Ifcll/.; + IIAIIw,(RxR4) 

and 



<3^ 12) + - 4'’'")L.,rxr<) 

^ + W^kWil + ll/)cllAi:(RxR4))- 

We remark that because of scaling invariance Theorem 13.31 below is only formulated for the case 


k = 0. Next we set 


j, + (□ 

^ app,k ^ app,k ^ k 


and find that 

hh(^Aj%p,k - 
(3.13) ^\h>Kj%f,k-fk 

< sWfkW, 


+ 


lk/Ai*Aaj(n-'/f)|| 


"{NkrM^H„ ^ )(RxR"^) 

"iNknL}H^i){RxR‘*y 

Here we used that the intervals Ij can be chosen such that uniformly for all j = 1,..., J, 

< e 




and thus, 

lkAkAa/D-7f)|| 


1 < \WiA{,Pkdj{n-^ff)\\ 1 

(NkrMyHp)(RxR‘^) ^ ^ '\L)LlrMyHp 


< 


liailt;4(,,xM4,2F||nv,(D-‘£")|| 


_ 1 


ipLlnurfiP 


-1 re//|| 


^4° fkWsI 

^ £|l/lcllAi.(RxR‘*)- 

From (13.91) . (13.111) . (13.121) . and (13.131) it now follows immediately that (p^^ppp is an approximate 
solution to (13.61) that satisfies fhe esfimafes (13.71) and (13.81) . 
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Finally, we reassemble the approximate solutions to the frequency localized problems 

(13.61) to a full approximate solution = Z/tsz ^Ipp^i to dH satisfying 

-.pji) 




IIh] + \\dt<l>?pp{Tf) - h\\p2 + \\xi^{n^'j,<P'app 


■/)ll ,,.4 


and 




lk‘'Pp|ls‘(RxR"') ~ 11^114 


) 


Applying this procedure iteratively to the successive errors, we obtain an exact solution to (13.41 ) 
satisfying (13.51 ). □ 


We now turn to the heart of the matter, namely the construction of the approximate solutions to 
the frequency localized magnetic wave equations. 

Theorem 3.3. Let {g, h) e x L^(R‘^) and f € A(R x R"*). Assume that /, g, h are frequency 

localized at |^| ~ 1 and that f is localized at modulation || t | - |^|| < 1. For j - !,...,/ there exists 
an approximate solution f^Jpp to 

f aP J> = f on IjXR\ 

(3.14) I 

I if, = (g, h) 

in the sense that 

II^^ppIIsoCRxr-*) - + II/|Iao(RxR4) 

- g||p2 + \dtfappiT^j^) - “ -^^llAotRxR^) 

^ ^difii^ +11^114 + ii/iiao(rxr'')). 


(3.15) 
and 

(3.16) 


where xij denotes a sharp cutoff to the time interval Ij. 


Proof In order to prove estimates and construct a parametrix for the frequency localized magnetic 
wave equation (13.141) we adapt the scheme in Section 6 of l[22ll to our time-localized setting. We will 
use frequency localized renormalization operators eff^^ ft, x, D) and fD, y, 5 ), where P(x, D) 
denotes the left quantization and P(D,y) the right quantization of a pseudodifferential operator 
P and where the subscript < 0 denotes the space-time frequency localization of the symbol at 
frequencies <sc 1. For the definition of the phase correction (/^+ in the renormalization operator 
* (D, y, s) we need to introduce some notation. 

For any ^ € R^\{0) we set 

o) = Lf := ±dt + 0) • V;c, A - (a> • V4^. 

Moreover, for any m and any angle 0 < 6 < 1, we define the sector projection 11"^ in frequency 
space by the formula 

nvw := (1 - 4^))(1 - 
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where rjiy) is a bump function on M. which equals 1 when |j| < ^ and vanishes for |j| > 1, and Z(^, co) 
is the angle between ^ and co. Thus, fl^g restricts / smoothly (except at the frequency origin) to the 
sector of frequencies whose angle with both tu and -co is > Q. Similarly, we define the Fourier 
multipliers 11", and Fl"^ 

Let Ci,C 2 > 0 be constants to be chosen sufficiently large later on depending on the size of 
\\'^t,.xA\\L^ and let cr > 0 be a constant to be chosen sufficiently small. We then define the phase 
correction i/^+ by 

(3.17) Yj m • m. 

— C2^k<0 k<—C2 


Note that the first sum effectively only starts at ^ See Section 6 in lf22l for a motivation for 

such a choice of phase correction. We emphasize that this phase slightly differs from the one used 
in Il22ll . because for intermediate frequencies -C 2 < ^ < 0 the high angles are cut off. 

We define the approximate solution ^app to (13.141) by 


& = XI, 




I >'^'eZ^{D,y,TH\D\~g±{-i)h) 


'<0 


± X, D)—Kje'^^{D,y, s){-i)f\, 


J'/'± 


where 

Kjm= f 

Jt(o 

j 

In order to prove the estimates (13.151) and (13.161) we establish the following crucial time-localized 
mapping properties of the renormalization operator x, D). 


Theorem 3.4. For j - the frequency localized renormalization operators have the follow¬ 

ing mapping properties with Z € {Ato(K. X K."^), L^(]R'^), 77^(8. x R"^)), 


(3.18) 

±id/+ 

Z^Z, 

(3.19) 

+1 

0 
■H V 

Z eZ, 

(3.20) 

Xijie~jQ^(t,x,D)e^J^^(D,y,t) - 1) 

Z eZ, 

(3.21) 

XiM~jQ\t,x,D)n - nYe~Jo^it,x,D)) 

N* ^(R X R"^) ^ £No,±{M. X R'*), 

(3.22) 

Xije~Jo"'{t,x,D) 

sJ(RxR^) ^ So(RxR^), 


where xp denotes a sharp cutoff to the time interval Ij. In the estimates (13.181) and (13.191) . the 
operator respectively stands for both left and right quantization. 

The estimates (13.151) and (13.161) then follow by adapting the manipulations in the proof of Theo¬ 
rem 4 in |[22l to our time-localized setting. □ 


The remainder of this section is devoted to the proof of Theorem 13.41 To this end we will 
adapt the general scheme of Sections 7 - 11 in 1(221 to our large data setting. The accuracy of the 
approximate solution f^Jpp relies on the error estimates (13.191 ). (13.201) and (13.211) . While in Il22l the 
small energy assumption can be used to achieve smallness in the corresponding error estimates, 
we have to argue more carefully here, using the high angle cut-off in the definition of the phase 
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correction and smallness of suitable space-time norms of A on sufficiently small time intervals, 
namely the intervals Ij. 

3.1. Decomposable function spaces. We begin by reviewing the notion of decomposable function 
spaces and estimates from |[35l . llH, and Il22l . 

Let c{t, X, D) be a pseudodifferential operator whose symbol c{t, x, is homogeneous of degree 
0 in Assume that c has a representation 

c = 2 

eE2-N 


Let 1 < q,r < oo. For every 6 €2 we define 




I 100 




2 ^ 2 ^ sup 


1/2 


where {L^l^ggs is a uniformly finitely overlapping covering of by caps of diameter ~ 9 and 
{^g)ygg 3 is a smooth partition of unity subordinate to the covering {Lgl^ggs. Then we define the 
decomposable norm 

l|c|lz)(LfLD(RxR4) ^ _inf 2] ll^^^^ll£>e(LfED(RxRh- 

c-l.ec 


We will repeatedly use the following decomposable estimates. 

Lemma 3.5 ( 11221 Lemma 7.1]). Let Pit, x, D) be a pseudodifferential operator with symbol pit, x, 
Suppose that P satisfies the fixed-time estimate 


sup\\Pit,x,D)\y pi < 1. 

I€R 


Let 1 < q,q\,q 2 ,r,r\ < oo such that ^ ^ ^ <^nd ^ ^ + 5 - For any symbol cit,x,^) e 

DiL’^fi )(R X that is zero homogeneous in we have 

\\icp)it, X, 77)011^9^r(]jxR4) ^ ll^llD(L’‘L'^‘)(RxR"')ll^llLf l2(RxR4)- 

By duality we obtain decomposable estimates for right quantizations. 

Lemma 3.6. Let P be a pseudodifferential operator with symbol pit, x, ^). Suppose that P satisfies 
the fixed-time estimate 

sup||R(t,x,D)||i2^^2 < 1. 

f€R 

Let I < q < 00 and I < qi,q 2 < cxj such that ^ ^ For any symbol c(t, x,^) € D(L^‘L“)(R X 

R"*) that is zero homogeneous in the right-quantized operator icp)iD,y,t) has the following 
mapping property 

||(C p)(D,y, O0||^?^2 (]^xR 4) ~ L”)(RxR4)ll^llLf2L2(RxR4)- 
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Proof. Let 1 < < 7 ' < oo be the the conjugate exponent to q and define | ^ By duality, 

Holder’s inequality and Lemma lL5l we have 


||(cp)(D,y,O0||^,^2 = 


< 


< 


< 


sup {il/,{cp){D,y,t)(l>) 


,q' , 1 - 


<1 


sup {{cp){t, X, D)f, 4>) 
sup \\{cp){t, X, 

I, 9 ',2-1 

lD(Lf'L”)ll^llLf2L2- 


□ 


From Lemma 10.2] we have the following Holder-type estimate for decomposable norms 


(3.23) 


fill‘d' 


i=i 


;=i 




where m € N, 1 <q,r, qt, r,- < 00 for / ^ and j) = jf. 


/ l 1 ■ 


3.2. Some symbol bounds for phases. Recall that the magnetic potential A is assumed to be 
supported at frequencies < 1. For any integer ^ < 0 and any dyadic angle 0 < 0 < 1, we use 
the notation 

and 

f<k = 

i<k 

Lemma 3.7. For any t, 5 € R, x, y e ^ e R'^ and any integer k <0, it holds that 

(3.24) \Mt,x,f) - Ms,y,^)\ < (2-C‘/2 ^ 2-C2)||V,,A(0)||^2(|t - ^| + |x-y|). 

Moreover, we have for any multi-index a e Nq with 1 < |a| < that 

(3.25) |V“(^(t,x,^) - ilk{s,y,f))\ < (|t- ^1 + |x - y|>-(l"l-5)||V,,A(0)||i2. 

Proof For any t € R, x € R'^, ^ € R'* and any integer ^ < 0, we obtain that 

\ff{t,x,^)\ < m^-Jn^,PkA ■ rnllz.” 

<{e^2H-hLtA-Jll‘fPuA-ej\\j2 
< fii^2^^e2-^^e-Hn‘^PjV^A\\i2 

where we used Bernstein’s inequality, the Coulomb gauge of A and that |A“1^(^)| ~ on the 

frequency support of H"Pjt- Similarly, we find 

|V,,<Ar(?,^>^)l^2¥/2||V,,A,||^2. 
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Thus, we have 

-C2<k<0 2“'*^<e<2“^i k<-C2 2'^'‘<e 

2kQm + 

-C 2 <k <0 2“'*<e<2“'^i k<-C 2 2°''‘<e 

< + 2-C2)||V,,A||i2(|x -y\ + \t- ^ 1 ). 

We now turn to the proof of (I3.25I ). To this end we note that differentiating with respect to f 
yields 9^^ factors, i.e. for any a € Nq it holds that 

and 

iv,,v“<Ar(i,^,^)i < i^9^--^^\\vt,Ak\\Li- 

For any 1 < |a| < cr“' and Z < 0 we then obtain 
|V|(i/r±(f,A,f) - i/^±(5,y,f))| 

< 2 ] 2^0’-l“l||V,,A||i2(|x -y| + k - ^ 1 ) + 2 E 

t:</ 2°'*<e <:>/ 2“'*^<0 

< 2^(i-"(IA4))||V,,A||^2(|a - y| + k - ^|) + 2--'(l“l4)||V,,A||^2. 

Optimizing the choice of Z < 0 we find that 

|V^(.A±(Fx,^) - ^±{s,y,m ^ (k - ^1 + |x-yir('“'-5>||V,,A||^2. 

□ 


We will frequently use the following bounds on decomposable norms of the phase i/^+. 


Lemma 3.8 ( 123 Lemma 7.3]). Let 2 < q,r < oo with | + 7 ^ For any integer k < 0 and any 
dyadic angle 9 € 2“^ the component = L"A“[n"A^ • o) satisfies 


(3.26) 


||(<),2-V,,<>)||, 


■"± 

< 2“^5 


(i;+7A02-7-7||v,,A||^2. 


llDe(LfLJ) 

3.3. Oscillatory integral estimates. In order to prove the mapping properties in Theorem [3Aj we 
need pointwise kernel bounds for operators of the form 

Ta = A,D)a(D)e±'^'-")l^le'^*(D,y, s), 

where a is localized at frequency \^\ ~ \. The kernel of Ta is given by the oscillatory integral 


K. 


ait, X- s,y)= f 

Jr-* 

where a is a smooth bump function with support on the annulus |^| ~ 1 . 
Lemma 3.9. For any t, 5 € R, x,y € and any integer 1 < N < cr~^, we have 

W^cAhi 


(3.27) 


\Ka(t,x-,t,y)\ < 


(\x - 
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and 

(3.28) \Ka{t,x-,t,y)-d{x-y)\ < min{(2~‘^‘^^ + }l|Vf,.vA||^ 2 . 

Moreover, it holds that 

(3.29) \Ka{t,x-,s,y)\<{t-s)-H\t-s\-\x-y\)-^\\\/,,A\t. 

Proof. If |x - < 1 we obtain by taking absolute values that 


\Ka{t,x-,t,y)\ < 1. 


If instead \x-y\ » I, we use (13.251) and integrate by parts repeatedly to obtain for any \ <N < (t ^ 
that 

IIV,.a||^2 

This proves (13.271) . In order to show (13.281) . we integrate by parts repeatedly for |.r - y| » 1, while 
for |.r - y| < 1, we use (13.241) to estimate 


\Ka(.t, x; t, y) - d{x - y)| < f _ i| 

Jr4 

< r lf±(t,x,f)-f±(t,y,f)la(0df 

Jr4 

<(2-c>/2^2-C2)||V,,A||^2|x-y|. 

Finally, the proof of (13.29b proceeds along the lines of Proposition 6(a) in 12^ . We only have to 
argue a bit more that away from the cone for sufficiently large \t- the phase is still non-degenerate. 
But this is because away from the cone 


t 

-i'^^{ip±{t,x,f)-f±{s,y,f)) + i{t- 5)||i + i{x-y)\ 
> c{\t - ^1 + |x - y|) - C||V,,A||^ 2 <|t - ^1 + |x - y|>’- 


and we choose 0 < cr <«: 1 sufficiently small. 


□ 


To deal with the frequency localized operators x, D) and e‘^f{D,y, s), we need to produce 

similar estimates for the kernel Ka^^o of the operator 

Ta,<o = e-J^Ht,x,D)a{D)e^‘^^-^^'^'e%%D,y, s). 

Noting that the frequency localized symbol can be represented as 

- r m{z)e^^^^'f- dz, 

where m{z) is an integrable bump function on the unit scale and denotes space-time translation 
in the direction z € the transition to these frequency localized operators can be made just as 
in Proposition 7 in lf22]l . We obtain the following estimates for Ka^<o. 


Lemma 3.10. For any t, 5 e R, x,y e R'* and any integer 1 < N < cr we have 


(3.30) 


\Ka,<o{t,x; t,y)\ 


< 


(|x - y|>^(l-^) 
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and 

(3.31) \Ka,<oit^ t,y) - d{x - 3;)! < min{(2“‘^'}ll^fAA||^ 2 . 

Moreover, it holds that 

(3.32) \Ka,<o{t, x; 5,3^)! < {t - _ |;c _ 3;|>“^||V,_;,A|p2. 

3.4. Fixed-time L\ estimates in Theorem I3.4[ In this subsection we prove the fixed-time esti¬ 
mates in Theorem 13.41 using the above oscillatory integral estimates. To obtain a small factor e in 
the estimates (13.181) and (13.191) . we additionally have to fix fhe consfanfs Ci, C2 > 0 in fhe definition 
of fhe phase correcfion sufficienfly large. 

Lemma 3.11. For any t € R, we have 

(3.33) ||<if*(t,x,D)Po0|L2 < I|V,,A||^2 J|Po0IIl2 
and 

(3.34) ||e;if*(D,y,OPo0||^2 < ||V,,A||^2 ||Po0IIl? 

Proof. The claim follows immediafely from fhe kernel bound (13.301) and a rr*-argumenf. □ 

Lemma 3.12. For any e > 0 the constants Ci , C2 > 0 in the definition of the phase correction 
can be chosen sufficiently large (depending on the size of e~^ and ||V/^jcA||^ 2 ) such that we have 

(3.35) \\i^t.xe~JS!^)it, X, D)Po4^2 < eWPofWLf 
Proof Using Lemma lT5l Lemma [T8l and (13.331) we obfain fhaf 

||(V^,x^’“|f*)(^,X,D)Po0||^2 = ||(Vf,;f(A±)e“|f*(f,X,D)Po0||^2 

-C2<k<0 2‘x'‘<g<2^^i 

k<-C 2 2<xi<<e 

< Z l|Vl,x<^llD«(LrL-)l|V,,A||^2||Po0lL2 

-C2<k<0 2“'*^<0<2“'^l 

+ Z Z l|V6x«Arilz)«(LrLr)l|V,,A||^2||Po0||^2 

k<-C2 2‘^*<e 

~ ( Z Z + Z Z 2'0'^')||V,.A||J2 ||Po<^IIl 2 

-C2<k<()2<xk<0<2-<^1 k<-C2 2‘x'’<g 

<(2 -Ci /2 + 2-C2)||V,,A||2 

from which fhe assertion follows. □ 

Lemma 3.13. For any s > 0 the constants C\,C 2 > 0 in the definition of the phase correction tf± 
can be chosen sufficiently large (depending on the size of s~^ and ||Vf_jfA||^2) such that we have 

\\ie'^o*(t,x,D)e^f(D,y,t) - l)Po'^||i 2 ^ e||Po0llz,2. 


(3.36) 
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Proof. The integral kernel of 

- l)a(D) 

is given by Ka,x; t,y) - a{x - y). Using (13.311) we find that 

sup I \Ka,<o{t,x\t,y)-a{x-y)\dx 

y Jr4 

Choosing Ci, C 2 > 0 sufficiently large depending on the size of e“' and ||Vf ;tA||^ 2 , we obtain that 

sup I |.K’a,<o(t, x; t, y) - a{x - y)| dx < s 

y Jr^ 


and similarly for sup^ ^4 \Ka{t, x; t,y)-d{x-y)\ dy. The assertion then follows from Schur’s lemma. 

□ 


Remark 3.14. The fixed-time bounds from Lemma \3.11\ Lemma \3.12\ and Lemma \3.13\ in fact 
hold for the operators e'^'^^ft, x, D), x, D), and e~"^^‘{t, x, D) for any k,l <0. The proofs in 

this and the previous subsection can be easily adapted to obtain this assertion. 

3.5. Modulation localized estimates. All implicit constants in this subsection may depend on the 
size of ||Vf,;,A||^ 2 . 

Proposition 3.15. For any e > 0 the intervals Ij can be chosen such that uniformly for all j = 
and all integers k < k' ± 0{\) < 0, it holds that 

(3.37) S £2-i‘2«*-*'>||P„<^ll»;*xR.). 

In the proof of Proposition 13. 15l we will use the following result whose proof will be given later. 


Lemma 3.16. Let \ < q < p < 00 . For any e > 0 the intervals Ij can be chosen such that uniformly 
for all j - and all integers k -v C < I < 0, the following operator bound holds 


\\>(ifief<fi{t,x,D)\\ 


LLi 


^LtLi 


< £■ 




Proof of Proposition I3.i5l In the following we denote an interval Ij just by I and stands for 
the left quantization e^'^^it, x, D). 

We first reduce to the case k = k' ± 0(1). To this end we will use that Proposition 9 and Lemma 
10 in If22l hold without the s smallness gain also for large energies. We split 


(3.38) 


Qkixief^Pof) - Qk{Q<k-ciXi)ef^Po‘t>) + Qk{Q[k-CMC](Xi)ef^Po4>) 
+ Qk{Q>k^ciXi)ef^Pty(l>). 


For the first term we obtain 

2HQk{Q<k-ciXi)ef^Pof)\\^^2=2HQk{Q<k-ciXi)Qk^O(i)ef^Pof^^^^^ 

< 25^(2,.O(l).f*Po0|L2,2 
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where we used Proposition 9 from 1221 . We estimate the second term from (13.381 ) by 

Using continuous Littlewood-Paley resolutions to decompose the group element we have 








± I 


Jl>k'-C 


By Lemma 10 in 1(221 and the decomposable estimates (13.261 ) we find 




^ ¥k’ 








f 

Jl>k'- 




D(L“L”) 


< 2-s*^'||/’o<^llL<»i2 + r 2-sXv,,,A||^2||Po0||i»i2 dl 
' Jl>k'-C ' 


< 2-5^'||/’o<^IIa*- 


Thus, the second term from (13.381) is bounded by 

2^i(2;t(!2[^-c,^+c](T/)</'^*/’o0)|L2i2 < 2 s(^-^')||Po0||a*. 
To estimate the third term from (13.381) we first use Bernstein in time to obtain 

2-^'^\\Qk{Q>k^c(Xi)et:'^^Po<l>)\i2Ll 

< 2 -¥ 2] ||(2^((2;(T/)<2;+O(I)(</^*/’o0))|L2i2 
j>k+C 

< 2 ^ 2 ] \\QMi)\\Lj\\Qpoii)ef^Po4L^^ 


}>k+c 

k’+C 


< 


2“ 2 l-ii\\Q,,o,n‘f'PA\L>Lp* Y. 

j=k-¥C j>k'+C 

For the first sum we use Proposition 9 from Il22l . for the second sum we first note that there is no 

±i 

h' 


modulation interference since k' < j - C and then use the fixed-time estimate for . 


Hence, 


k’+C 


<2^ Yj 2-5^2-5^2^O--^')||V,,A||^2||Po0IIa*+2*^ 2-^'||Po0|| o,i 

j=k+C j>k'+C 

< (2^0-^') + 2*^-'=')||Po<^|k.. 

Putting things together we find that 

2^Qk{XIef^Po<P)\\^p2 < 

and for sufficiently large |^| » |^'| we therefore trivially gain a smallness factor e from 2 ^¥d-k')_ 
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We are thus reduced to the case k = k' ±0{\) and it remains to show that 

2^Qk{xief^Po4>)\\^^2 < e||/’o0llA*- 

As in the proof of Proposition 9 in ll22]| we expand the untruncated group element 

i r r/Z - rr dl' dl 

Ji>k-c jJu'>k-c 

dl” dl' dl 




+1 


Iff 

JJJij'j" 


,l">k-C 

-z+x+Q+c 


and estimate each of these terms seperately. 

Zero order term Z-' From Lemma [3. 161 we immediately obtain that 

WQkixief^'^-^Poc^tL^L^ < e2-HPo<P\\Nl- 


Linear term We have to show that 

Ski<^^,e^’'^<^-^)Poct>dl) 


Qkixi f 

Jl>k-C 


<e2-5^||Po0llw*. 

r2r2 0 


To this end we decompose ipi into a small and a large angular part 
(339) *= (»!"’+ S ^T- 

2‘^'<0<2“‘^3 2“C3<e<l 

In order to bound the small angular part we split 

Xi - Q>k-c(Xi) + Q<k-c(Xi)- 
Using Lemma 1331 we estimate the first term by 


Qk(Q>k-c(xi) f Sk( 

d/>k-C 2 -'< 0 < 2 -C 3 

C3 

9h-s'||V,,A||^2||Po<^llL»4^// 


||2>«:-c(L/)||2,3 r ^ ll*Af^llDe(L6L»)|| 

Jl>k-C 2<r/<e<2-C3 


< 2“5 


f z 

I>k-C 2<r/<0<2-C3 

<2-sC32-hMk*- 

For the second term we have 

Qk(Q<k-c(xi) f Sk( 2] 4 


.{8) ^±iif/<k-c] 


2“''<e<2-C3 


)Pq 4> dl^ 

= Qk(Q<k-ciXi)Qk^O(i) f Sk( 2] ^f^e^'^o^-^jPocpdl). 

l>k-C 2°-<<e<2-'^i 


Then since ij/p is a free wave, we can write this as 


Qk 


Q<k-c(Xi)Qk+0(i) f Sk( ,kPe^‘^^^-pQk^o(i)Po<ptIl] 

l>k-C 2‘^'<e<2-C3 
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and estimate by 

Qkl(2<k-c(Xi)Q/c+o(i) f Sk( 

< f y 

Jl>k-C 

< f 2] 2-s'2-s^||V,,A||^2||G,+o(i)Po0||^3^2d/ 

Jl>k-C 2<Tic0c2-Ci 


i/m 

I \\De(L\ 




<2-K^2-hMk^ 


Here we used Lemma [331 the fixed-time L\ —> L\ estimate for e±'Li/'<j:-c and then Bernstein in 
time. 

The large angular part in (13.391 ) has to be estimated more carefully. Noting that the symbol 
localization S can be represented as 


(3.40) 


Jr‘+^ 


where is an integrable bump function at scale 2 ^ and denotes translation in space-time 
direction z e we derive the following key estimate for the large angular part 


! 2 ^(t/ J ^ ^ m(z)( 2 dz di 




2“^3<e<i 

2-kd-k) 


l>k-C 


o-r, ,/,^i rv 6J€rt ■' 


X 


l>k-C 


2 -c 3 < 6 igi r; 


X 


LfU) 




/r 2-l(/-k) r ^ ^sup(2-i'||f2»n^V,,r,A/||^,)"*dz) 

^Ji>k-C JrL^ 2 -'^ 3 < 0 <i r,’' 


LfU) 


II-Po^IIa*- 


This estimate can be proven by carefully opening up the proof of the decomposable estimates in 
Lemma [33] We emphasize that uniformly for all integers k < 0, the quantity 



is bounded by ||Vf ;cA ||^2 by Strichartz estimates. 

By first fixing C 3 > 0 sufficiently large and then suitably choosing the intervals Ij, the estimate 
of the linear term X follows. 
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Quadratic and cubic terms Q and C: Using the above ideas these can be estimated similarly. We 
omit the details. □ 

Proof of Lemma UJ^ As in fT2\ Lemma 10] we write the symbol as 




r=\ 

where the product denotes a nested multiplication by SidttJ/<k for a series of frequency cutoffs 
w S / with expanding widths. Then we have 


S^pdt>]j<k^ f mP{Zr){Tz,dtilJ<k)dZr, 


(r) _/ 

where is an integrable bump function at scale 2 and denotes translation in space-time 
direction Zr e The claim now reduces to proving that the intervals Ij can be chosen such that 
uniformly for j = I,... ,J and all integers k < I - C, it holds that 


(3.41) 


T/;(r| mPiZr){T^^dtifr<k)y'"'’^^^{t, x, D) 






To this end we show that the intervals Ij can be chosen such that uniformly for y = 1,..., all 
integers k < I - C and all integers k\,... ,k^ < k,we have the operator bound 


(3.42) 










where 4 = 4 - 4. By summing over dyadic frequencies, the estimate (13.411) then follows. 

In order to prove (13.421) . we split dfikki into a small and a large angular part 

dtij'k, = Yj + Z 

<01 2-C3 <0, < 1 

for some constant C 3 > 0 to be chosen sufficiently large later in the proof. We estimate the small 
angular part using Holder-type estimates for decomposable function spaces (13.231) and the bounds 
(13.261 ) for the phase, 


Xii ^ {^^mP{z\){T^^dtPl^p)dz'\{y[ f^^mP(zr)(Tz^dtikkr)dZr]e''‘'^^'‘(t,x,D)^ 

Z ^ £,,, ^fu)(n dZr)U\\L';Ll 

5 


< 


< 


2 ‘^*i< 0 i< 2 -U 

2 ^^*! < 0 |< 2 -U 




r=2 


Ly. IX 
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Here we dropped the time cutoff xij and used the space-time translation invariance of the decom¬ 
posable function spaces. For the large angular part we establish the crucial estimate 

5 

D)<p 


I-C 3 < 1 r=2 


2“^3<e|gi H 


^Ll 




2“^3<e,<i r^i 

B] 


1/2 




ll'^llLfLF 


where cq > 2 is such that the exponent pair (5q, rg) is sharp wave admissible. This estimate can be 
proven by carefully opening up the proof of Lemma 13.51 and of Holder-type estimates for decom¬ 
posable function spaces (13.231) . 


1/2 


Noting that uniformly for all integers k\ < I - C, the quantity 

(2"^'-' r Jmf\zi)| 2] 2] sup(2^^^^-"^'^‘||&;'(m)n-V,,r„A,,||^.o)'*i) 

2-c3<e,gi r:‘ "er'l 
\\^leZh<l-C 2-C3<0,gl L‘ 


1/2 


r^ijr 


is bounded by ||Vf ;cA ||^2 by Strichartz estimates, the assertion follows by first choosing C 3 > 0 
sufficiently large and then suitably choosing the intervals Ij. □ 


Proposition 3.17. For any e > 0 the intervals Ij can be chosen such that uniformly for all j = 
I,... ,J and all integers k < k' ± 0{\) < 0, it holds that 

(3.43) \\Qk{xiAJ'^\D,y, t)Po4>)\l2^2j^^,^ < e24^2"('=-'=')||Po0lliv-(RxR4). 

Proof The proof proceeds analogously to the one of Proposition [3A5] using Lemmain place of 
Lemma [3751 □ 

3.6. Proof of the No Nq and bounds (13.181) for;t'/^e*|j**. 

Proposition 3.18. For j = \,... ,J it holds that 

Ik6^<0 ~ II'^O^IIao(RxRA 

and 

Ik6^<0 ^)-f’o^|lAfo(RxR'‘) ~ II'^O0 ||^p(rxR'‘)' 

Proof We begin with the proof of (13.441) . To simplify the notation we denote an interval Ij just 
by I in what follows. If f is an L\L\ atom, the claim follows immediately from the fixed-time 

L\ P\ estimate for (1, x, D). The key point is therefore to show that if 0 is an ^ atom at 
modulation k, then we have 

\\Y,e^;^{t,x,D)QkPoft^ < 2-HP,H^a- 

By duality, this is equivalent to proving 

||a(A/^’<if*(^’3'’W)|L2i2 < 2-5^||Po0lk*. 
























CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


33 


As in II 22 I Proposition 9.1] we now write 

Qk(j<:ie'^o^{D,y,t)Po4>) = Qk{xieXt-c^'D,y,t)PQ(t)) + Qkixiie^^^ - e^^^*^){D,y,t)PQ(p) 

= QkiQ<k-c(Xi)e^Jtc^D,y,t)Po^) + Qk{Q>k-cixi)e^t-c^D,y,t)PQ(l>) 

+ Qkixii^Uo^ - e'^f_^^)(D,y,t)Po(f>). 

For the first term we obtain 

25'=||a(e<;t-cOh/)4-c(^’3'’^)^o0)|L2^2 < iiPo<^ii 0,1 ^ ii/’o<^iia^ 

^ ^ ^oo~ 

because the output modulation directly transfers to cp. We estimate the second term by 

23ia((2>i-car/)4^c(^’3i, o/’o<^)L 2^2 < 25^||(2>;t-c(Y/)|L2||4^c(^’3'’oPo0|L»i2 

^ ll-Po^lU*, 

where we used that ||2>i:-cCt'/)||^2 ^ 2“5^. To deal with the last term we use Proposition 13.171 
The proof of (13.451 ) works similarly using Proposition 13.151 


In a similar vein we obtain the following Nq —> bounds. 

Proposition 3.19. For j = \,... ,J it holds that 

lkh^<o ~ Iko^lk'tRxR"!) 

and 

lkh^<0 ^^’■^’^^■^0‘^lk*(RxR4) ~ Iko^lk'CRxR-i)' 

3.7. Proof of the Nq eNq and eN^ bounds (13.191) ior xijdte^Q^ . 

Proposition 3.20. For any e > 0 the intervals Ij can be chosen such that uniformly for all j = 
1,..., 7 if holds that 

(3-48) A, £>)Po0|ko(RxR4) ^ £|I^O<^lliVo(RxR4) 

and 

(3-49) \\Yi^dte^J^{D,y, OPo<^|k„(RxR4) ^ £ll^o<^lliVo(RxR4)- 

Proof We proceed as in the proof of Proposition 13. 181 using the ^ bound for and 

that we have for k < k' ± 0(1), 

for both left and right quantization. The latter estimate can be proven similarly to the proof of 
Proposition [3T5] □ 

Proposition 3.21. For any e > 0 the intervals Ij can be chosen such that uniformly for all j = 
,J it holds that 

|kh5f<;f*(FX,D)Po0||^.(^^^4) ^ e||/’o<^lliV*(RxR4) 


(3.50) 
and 

(3.51) 


|kh54r(^’3i,OPo0|k.(R^R4) ^ £||Po<^lliV*(RxR4)- 
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3.8. Proof of the renormalization error estimate (13.201) . 

Proposition 3.22. For any e > 0 the intervals Ij can be chosen such that uniformly for all j = 
1,..., 7 we have 

(3.52) D)e^S%D,y, t) - ^ ^\\Po4>\\No(Rxm 

and 

(3.53) D)e^J^^{D,y, t) - 1)/’o'^||^.(rxr4) ^ «II^o0IIa*(Rxr4)- 

Proof We prove the —> sNq estimate (13.531) . The bound (13.521) then follows by duality. The 

part of (13.531) follows immediately from the fixed-time ^ sL\ estimate (13.361) . The Xff 
part reduces to showing that we can choose the intervals Ij such that uniformly for j - and 

all ^ € Z, 

- 1)^0'^)IL2l?(Rxr 4) ^ ell^oi^llA*(RxR4)- 

We use the notation 

R<k = e-J^*-{t,x,D)e%^D,y,t) 

to write 

Qk(xijiR<o - ^)Po4>) = Qk(xijiP<o - ^)Q>k-cPo4>) + Qk(xijiP<k-c - 1 ) 2 < a :- c ^ o 0 ) 

^ +QkixijiP<Q-P<k-c)Q<k-cPof)- 

Using the fixed-time —> eL^ estimate (13.361) for (/?<o - 1), we bound the first term in (13.54b by 

2^Qk{XbiR<0 - m>k-cPo(t>)\\i2Ll ^ ^H(P<0 - m>k-cPo4L}Li 

< 2^''s\\Q>k-cPo(f>\\LjLl 
^ e||^o0ll 01 • 

To estimate the second term in (13.54b we observe that we have 

Qk(xijiP<k-c - P)Q<k-cPo4>) - Qk{{Q[k-cMc\Xij)iP<k-c - ^)Q<k-cPof) 

and hence by the fixed-time L\ eL\ estimate for {R<k-c - 1)> 

2'^^\Qk{Xlj{R<k-C - l)2<Jt-C-f’oi^) 11^2^2 ^ 22^||2[,(._c,i+C](T/j)||/_2||(./?<i:-C - l)2<Jt-C-f’o0||i~^2 

< £||Po0|Il“Z.2 - 

Finally, we expand the third term in (13.54b as follows 

Qk(XbiR <0 - R<k-c)Q<k-cPo) = Qk{xiM~Jt(f^ D) - e-Jl%{t, X, D))e^^f{D,y, t)Q<k-cPo(p) 

+ Qk{xije~^t-c^Ux,D){e'^f{p,y,t) - e'^f_^{D,y,t))Q<k-cPQ(p). 
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To handle the first term in the above expansion we use Proposition 13. 15l and the Nq —> estimate 

(13.471 ) for e^Q{D,y, t) to find that 

D) - D))e''^^{D,y, t)Q<u-cPo4L^^2 

k '=0 

< X 2^Qt(xi,e;;'^Ht,x,D)e%%D,y,t)Q<,.cPo4^Ll 

k'=k-C 

< ^ E2^^’^-'^'^\\e%\D,y,t)Q<k-cPo4L 

k'=k-C “ 

< £||Poi^lk*- 

Observing that 

Qk(xije~Jl^c^t, X, D){e’^-iD,y, t) - e%tc(D^y, t))Q<k-cPo(f>) 

= D)Qk^o(i)(xiM<o^^^y^ 0 - e%c^D,y, t))Q<k-cPo(t>)), 

we estimate the second term analogously using the fixed-time estimate for x, D) 

and Proposition [3T7l □ 

3.9. Proof of the renormalization error estimate (13.211) . This estimate can be proven by adapting 
the proof in Il22l Section 10.2] to our large data setting using similar ideas as above. The additional 
errors generated by the high-angle cutoff for intermediate frequencies in the definition of the phase 
correction can be controlled by divisibility of suitable space-time norms of A. 

3.10. Proof of the dispersive estimate (13.221) . Since the S space is compatible with time local¬ 
izations by Lemma l2Al the dispersive estimate (13.221) follows immediately from the estimate (83) 
in Il22]| . 


4. Breakdown criterion 


Definition 4.1. Let Tq,Ti > 0. For any admissible solution {A,(p) to the MKG-CG system on 
{-Tq, Ti) X 1.^ we define 


ll(^>0)ll5'((-7’o,7’i)xR'') 


4 i 

o<r<Ti 


We establish the following blowup criterion for admissible solutions to the MKG-CG system. 


Proposition 4.2. Let (-Tq, Ti) be the maximal interval of existence of an admissible solution (A, f) 
to the MKG-CG system. If\\{A, </>)|l 5 i((- 7 ’o, 7 ’i)xR‘*) < *2 must hold that Tq = Ti = oo. 

The idea of the proof of Proposition 14.21 is to establish an a priori bound on a subcritical norm 


fE(-7’o,7’i)^ ^ ^ 


HixHl-' 


< oo 


for some s > 1. By the local well-posedness result 11^ for the MKG-CG system it then follows 
that the solution can be smoothly extended beyond the time interval (-Tq, Ti). To this end, we will 
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use Tao’s device of frequency envelopes. For sufficiently small c > 0 we define for aWk e 

4 


Ck ■- 


/sZ ;=I 


Proposition I4.2l is then a consequence of the following result. 

Proposition 4.3. Let {—Tq, T\)be the maximal interval of existence of an admissible solution (A, f) 
to the MKG-CG system. //I|(A, d>)||5i((_rQ^rj)xR4) < oo, there exists C = C(||(A, 0)||5i((_rg rj)xR4)) < “ 
such that for all ^ e Z, 

,ri)xR4) - 

Proof A sketch of the proof is given in Subsection |T4l □ 


5. A CONCEPT OF WEAK EVOLUTION 

In order to implement the contradiction argument after the concentration compactness step, we 
have to define the notion of a solution to the MKG-CG system that is merely of energy class. In 
the context of critical wave maps in EOll this is achieved by first approximating an energy class 
datum by Schwartz class data in the energy topology. One then defines fhe energy class solution 
as a suitable limit of the associated Schwartz class solutions. Using perturbation theory, one shows 
that this limit is well-defined and independent of the approximating sequence. 

For the MKG-CG system we have to argue more carefully, because it appears that the strong 
perturbative step in the context of the critical wave maps in |[20l is not available due to a low 
frequency divergence. However, the problem with evolving irregular data is really a “high frequency 
issue” and it appears that truncating high frequencies away does not lead to the same problems as a 
general perturbative step. More concretely, consider Coulomb energy class data at time f = 0. By 
truncating in frequency, we can assume that the frequency support of either input is at |^| < K for 
some K > 0. Then the problem becomes to show that we can add high-frequency perturbations to 
the data, i.e. supported in frequency space at |^| > K at time f = 0, and to obtain a perturbed global 
evolution. 

Proposition 5.1. Let {A,f) be an admissible solution to the MKG-CG system on \_—Tq,T\\ x R'* 
for some Tq, Ti > 0. Assume that (A, (/>)[0] have frequency support at \f \ < Kfor some K > 0 and 
that ll(A, d>)|| 5 i([_ 7 -g j’jjxR'*) = L < oo. Then there exists di(L) > 0 with the following property: Let 
(A -I- SA, (p 5(f)) be any other admissible solution to the MKG-CG system defined locally around 
t = 0 such that 

E{5A,S(I>){0) - do < SfL) 

and such that (dA, d(;f>)[0] have frequency support at \^\ > K. Then (A -I- 5A,f ■+■ 5f) extends to an 
admissible solution to the MKG-CG system on the whole time interval [-Tq, Ti] and satisfies 

||(A -I- dA, (f) d0)||5i([_7’g 7 ’|]xr 4) < L(L, do). 

Moreover, we have 

||(dA,d0)||5i([_7’g 7 ’j]xr4) ^ 0 

as do —> 0. 

Proof. A sketch of the proof is given in Subsection |T4l □ 
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The above high-frequency perturbation result suggests that we could define the MKG-CG evo¬ 
lution of energy class Coulomb data as a suitable limit of the evolutions of low frequency approxi¬ 
mations of the energy class data. More precisely, for Coulomb data (A, 0)[O] € //] x L\, we pick a 
sequence of smoothings (A„, 0„)[O] by truncating the frequency support of (A, 0)[O] so that 

lim(A„,0„)[O] ^ (A, 0 )[O] 

n—^oo 

in the sense of Here the rather technical issue appears whether there exists a smooth (local) 

solution (An,(l)„) to the MKG-CG system with initial data (A„,0„)[O]. The hypothesis (A,^)[0] e 
Hi X LI does not guarantee that A(0) and (p{0) are integrable in the low frequencies. For this 
reason we cannot directly invoke the local well-posedness result ll^ to obtain a smooth local 
solution. The natural way around this is to localize in physical space. This will be explained in 
more detail in Subsection l5.2l below. 

For each smooth local solution (A„, to the MKG-CG system with initial data (A„, 0„)[O] we 
then define 

h '■= 

where 

Jin := {/ c R open interval with 0 e / : sup ||(A„, d’n)|lsi(yxR'*) < “ 1 - 

Jcljclosed 

We call In the maximal lifespan of the solution (A„, ({>„). 

In order to define a canonical evolution of Coulomb energy class data, we have to show that 
the low frequency approximations (A„, (jin) exist on some joint time interval and satisfy uniform S ^ 
norm bounds there. 

Proposition 5.2. Let (A, 0)[O] be Coulomb energy class data and let {(A„, 0«)[O])^ be a sequence 
of smooth low frequency truncations of {A, 0)[O] such that 

lim(A„,0„)[O] ^ (A, 0 )[O] 

n—^oo 

in the sense of Hi X L^. Denote by {An,(pn) the smooth solutions to the MKG-CG system with 
initial data (A„,0„)[O] and with maximal intervals of existence /„. Then there exists a time Tq = 
To{A, f) > 0 such that [-To, Tq] c In for all sufficiently large n and 

limsup ||(A„,di„)|| 5 i([_ 7 ’|j - C{A,(p), 

n—^oo 

where C{A, 0) > 0 is a constant that depends only on the energy class data (A, ^jfO]. 

Proof The proof is given in Subsection |5A]below. □ 

Using Proposition 15.11 and Proposition 15.21 we may introduce the following notion of energy 
class solutions to the MKG-CG system that we outlined above. 

Definition 5.3. Let (A, 0)[O] be Coulomb energy class data and let {(A„, (pn)\ft\]n be a sequence of 
smooth low frequency truncations of (A, 0)[O] such that 

lim(A„,0„)[O] ^ (A, 0 )[O] 

n—^oo 

in the sense of Hi x L^. We denote by {An, fn) the smooth solutions to the MKG-CG system with 
initial data {An, 0n)[O] and define I = {-Tq, Ti) = Ul to be the union of all open time intervals I 
containing 0 with the property that 

sup liminf ||(A„,</>„)|| 5 i„xR 4 ) < “• 

r r 7 I J n—^OO ^ ' 

Jcljclosed 
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Then we define the MKG-CG evolution of (A, 0)[O] on I xBfi to be 

(A, ffit] := lim (A„, 0„)[f], t € I, 

n—*oo 

where the limit is taken in the energy topology. We call I the maximal lifespan of (A, f). For any 
closed interval J <z I, we set 

We obtain the following characterization of the maximal lifespan / of an energy class solution. 

Lemma 5.4. Let (A, f), {An, fn) cind I be as in Definition \5.3\ Assume in addition that I (-00,00). 
Then 

sup liminf ||(A„,0„)||5i(yxR4) = 00 . 

JcI.Jdosed 

We call an energy class solution (A, f) with maximal lifespan / singular, if either I or if 
/ = R and 

sup ||(A,0)||5lyxR4) = “■ 

JcIJcIosed 

5 . 1 . Proof of Proposition 15.21 A natural idea is to localize the data (A„, 0n)[O] in physical space 
to ensure smallness of the energy and to then try to “patch together” the local solutions obtained 
from the small energy global well-posedness result l[22ll . The problem is that the MKG-CG system 
does not have the finite speed of propagation property due to non-local terms in the equation for 
the magnetic potential A. To overcome this difficulty, we exploit that the Maxwell-Klein-Gordon 
system enjoys gauge invariance. 

We first describe how we suitably localize the data (A„, 0„)[O] in physical space to obtain admis¬ 
sible Coulomb data with small energy that can be globally evolved by f22\ . Let;^ € C“(]R'*) be a 
smooth cutoff function wifh support in fhe ball B(0, |) and such lhal;t' = 1 on B{0, |). For xq € R'* 
and ro > 0, we sel;t'IF-xo|<ro|W ■= xi^)- Then we define 

(5.1) r„(0, •) A-i5y(^|p_,„|<,„|(-)A^(0, •)) 

and for j = 1,..., 4, 

(5.2) A„j(0, •) := X{\x-xo\<ro]i-)An,j{0, •) - djYniO, •)■ 

We defermine A„_o(0, •) as fhe solution fo fhe ellipfic equation 

(5.3) AA„ 0 — — \rri(p([\x-x(,\^rQ]fnX{\x-XQ\<ra\dtfn) + \X{\x-xo\<r(,\fn\ A„q On R , 

where and A„_o are evaluafed af fime t = 0. We nofe fhaf A„ is in Coulomb gauge. Then we sef 

(5.4) drYniO,-) :=AnpiO,-)-AnpiO,-) 

and define dtA„ j{0, •) for j = 1,... ,4, firsf jusf on B{xo, |ro), by seffing 
(5-5) ^tAnj\g(^xo,^ro)^^^ •“ idtA„j{0, •) - djdtjni^, 

We observe fhaf A{Anp{0, •) - A„,o(0, •)) = 0 on B{xo, |ro) by fhe definition of A„_o(0> •)■ Thus, fhe 
dafa dtAn\B(^xo ^ro)(®’ satisfy fhe Coulomb compafibilify condition dj{dtAl){0, •) = 0 on B{xo, |ro). 
Using 171 Proposition 2.1], we extend {dtAnj){0, flg^^xo ^ro) whole of R"* while mainfaining 
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the Coulomb compatibility condition and such that ||5,A„ y||^2(]^4) < WAn,j\\i}(B(xa -ro))- we 

define 

(5.6) 4(0, •) e'^"(°’-);y|p-.o|<ro|(-)4(0, •) 

and 

(5.7) <9f4(0, •) /5,y„(0, •)e'’'"^°’'^drip-;col<rol(-)0n(O, •) + e'^''^”’'^^ii;t-;col5roi(-)5r4(0, •)• 

In the next lemma we prove that by choosing ro > 0 sufficiently small, we can ensure that the 
Coulomb data (A„, 4)[0] have small energy for all sufficiently large n. Here we exploit that the 
convergence (A„,0„)[O] ^ (A,0)[O] in the energy topology as n —> ex? implies a uniform non¬ 
concentration property of the energy of the data (A„, 0„)[O]. We denote by sq > 0 the small energy 
threshold of the small energy global well-posedness result ll2^ for the MKG-CG system. 

Lemma 5.5. Let {An, 4) defined as in dSB - dO). Given gg > 0 there exists ro > 0 such that 
uniformly for all xq € K.^ and for all sufficiently large n, it holds that 

E{An, fn} ^ £0- 


Proof We start with the components Anj. Suppressing that A„ is evaluated at time t = 0, we have 
for 7 = 1,... ,4 that 

I|VjcA„,^'||^ 2(]^4) ^ l|VjcCH|x-JCo|gro|'^«,7)ll^2(]^4) + l|V;c4"y«llL2(]g,4) 

4 


< 


2] 


(5.8) 


(=1 

4 


\x-xa\<rQ)An,i)\\^2^^^~^ 


\Anfix)f dx + 


f , 


B(xoJro) 


\'^xAn,i{x)\^ dx 


<y- f 

rl JBixofr 

~ yi f \^n,i{x)\^ dA + f |V;,A„,,(x)|^ dx. 

^ dBixofro) 

Next we note that we can pick ro > 0 such that we have for the energy class data A that 
sup V I xAfx)'^ dx + I \Ai{x)f dx sq. 

jrosR'* JB(xofro) JB{xofrQ) 

Since A„ ^ A in as n —> oo, we also obtain for sufficiently large n that 


sup / . 

jcoeR'* ;_j JBixofro) 


yf 


dx + 


X 


B(xo,jro) 


\Anj{x)f dx £ 0 . 


From (15.81) we conclude that l|V;cA„,/|4/»4, ^ ^0- In a similar manner we argue that ro > 0 can be 


picked such that for all sufficiently large n we also have 
4 


1=1 


and hence. 


y + I|VxA„,o||^2(r 4) + l|Vf,4;4ll^2(]g,4) ^ ^^0 

~ ^0- 


□ 
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By Lemma [531 we can pick rg > 0 such that the data (A„,0„)[O] can be globally evolved for 
sufficiently large n by the small energy global well-posedness result ll^ and we obtain global S ^ 
norm bounds on their evolutions (A„, 0„). For f > 0 we then define 

(5.9) dtYnit, •) •) - A„,o(fi •), 

which implies that 

(5.10) ynit, •) = y„(0, •) + f (A„,o(5, •) - A„,o(.s, •)) 

Jo 

Our next goal is to relate the evolutions (A„, 0„) and (A„, (^„) on the light cone 
^xo,lro ^ x):0<t< |ro, |x - xqI < fro - t} 

over the ball B{xo, |ro). These identities will be the key ingredient to recover S ' norm bounds for 
(An, <pn) from those of (A„, 0„). 

Lemma 5.6. Let (An, ^n) tmd jn be defined as in (O) - ([53 w (EH) - dnni) such that E(An, ^n) < 
For all sufficiently large n it holds that 

Anj = A„j - djjn on 

for j - 1,... ^ 4 and that 

fn - e^^-fn on 

Proof. To simplify the notation we omit the subscript n. Using the equations that (A, cp), (A, f), and 
y satisfy, we obtain that 

(5.11) uAj = - \m(fDjf) + (9yA“'5' Im(0D,-0) on R, x 

and 

(5.12) 

□(Aj - djj) = - \m((pDj(p) + djAT^d' \m(fbif) - dj J' |lm((;6Df0) - Im(0D(0)| ds on 

where we use the notation Da - da + iAa- Next we introduce the quantities 

Bj = Aj-(Aj-djy) 

and 

f - e‘^(f>. 

From (15.111) and (15.121) we infer that 

dBj = lm((l>D jf) - lm(f bjf) - dj J" {lm(0Df0) - Im(^D,0)| ds on 

The first two terms in the above equation can be rewritten as 

lm(fDj(p) - lm(fbjf) = Bj\(f>\^ - lm(il/(dj + iAj)(fi + e'^f)) - lm(e‘^(f)(dj + iAfifi) 
and similarly we obtain for the last term that 

ImfpDtf) - \m(fbtf) = - \m(ip(dt + iAf)(fi + e'ff)) - Im(e'^(5, + iAQ)ip). 
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We conclude that the wave equation for Bj on the light cone 5 ^^ is of the schematic form 

uBj ^ fiBj + /2|(A|^ + /aiA + / 41 A + /5(<5/iA) + 

(5.13) Cl _ - 

+ 5; Jo {/vliAl^ + /8<A + /9<A + /io(<5fiA) + fuidtij/)]ds, 

where /i,... ,/ii are smooth functions on 5 ^^. To obtain a wave equation for if/, we note that 
Bq = Aq- (Aq - dtj) = 0 by construction and write 

0 = 0^0 - e‘^UA(t) 

= + e'^(p) - e'^nAd> 

= D^t// + nB+A-dy(e‘'^(/>) - e'^DACf) 

= u^\p + UBie^'^cp) - uie'^cp) - 2B^{Aj - djy)e‘'^4> + nA-dy{e‘'^d>) - e‘'>'nA(p 
= DaiP + i{d^Bj){e^^(P) + 2iB^dcp) - B^Bj{e''^(p) - 2B\Aj - djy)e‘^(p. 


Thus, ip satisfies a wave equation on the light cone 5 ^^ of the schematic form 


(5.14) niA - /-A + fad“ip + gjBJ + gBjB^ + h{djBJ), 

where f,fa,g,gi,h are smooth functions on K i . Since B[0] and iA[0] vanish on B{xq, fro) by 

our choice of the initial data (A,^)[0], we conclude from (15.131) and (15.141) by a standard energy 
argument that indeed 

^j = Aj-dj7onK^^5^^ 

and 

□ 


It is clear that given eq > 0, there exists R> 0 such that for all sufficiently large n, it holds that 

E{x\\x\>R]{-)An{^, •).A|W>R|(-)<A«(0, •)) < sq- 

For our later purposes we have to localize the initial data {An,^n) outside the large ball B{0,R) in 
a scaling invariant way. For any xi € with \xi\ ~ 27? 2"* for some m e N, we set n 27? 2'”“ A 
Then we define 

ri'\0,-) - A-i5yCT||,_„|<„|(-)A;((0,-)) 

and for j - 1,..., 4, 

A®.(0, •) :=;y|p_,,|<„|(-)A„,/0, •) - djyf{0, •). 

We define a|^'],(0, •), •), •), d,^f{Q, •) analogously to ([53]) - ([53]) and yf{t, •), dtyf{t, •) 

for t > 0 analogously to 15.91 ) - (15.101) . Similarly to Lemma [531 and Lemma l53l we obtain 

Lemma 5.7. Given cq > 0 there exists 7? > 0 such that the initial data {A^n , 0®) defined as above 
satisfy for all sufficiently large n that 

£(4^0®) <£0. 

and 
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Lemma 5.8. For all sufficiently large n it holds that 

on 

for j - 1,..., 4, and that 

on 

where {{t, x) : 0 < t < |n, |;c - xi\ < |r/ - t]. 

We now begin with the proof of Proposition 15.21 where we suitably “patch together” the small 
energy global evolutions constructed above. 

Proof of Proposition 15.21 By time reversibility, it suffices to only prove the statement in forward 
time. We pick cq > 0 sufficiently small and 7? > 0 sufficiently large according to Lemma 15.51 
and Lemma 15.71 Then we cover the ball B{0,2R) c by the supports of finitely many cutoffs 
X{\x-xi\<ri] wifh ri = ro for I = 1,..., L for some L € N. We divide fhe complemenf B{0, IRf of fhe 
ball B{0,2R) info dyadic annulli |.r € < \x\ < 2/?2™), m € N, and cover each 

Am by fhe supporfs of finitely many suifable cutoffs ;y||jc_jc,|<r,|(0 wifh \xi\ ~ 2/?2'” and r/ ~ 2/?2™“^ 
This can be carried ouf in such a way fhaf |supp(;y||jc_jc,|<r,|)|)^i is a uniformly finitely overlapping 
covering of R"*. We denote by fhe associated global solutions to MKG-CG wifh small 

energy dafa given by Lemma 1531 respecfively Lemma [371 Fix 0 < Tq <s: cq such fhaf 

00 

[0,ro]xR^cU/:,,5,, 

/=! 

Then Lemma l531 and Lemma l531 imply fhaf fhe evolufions (A„, 0„) exisf on fhe lime interval [0, Tq] 
uniformly for all sufficienlly large n. The covering of R^ by fhe supporfs of fhe cufoffs;t'||;c_;c(|gr/|(-) 
can be done in such a way fhaf Ihere exisls a uniformly finilely overlapping, smoolh partition of 
unify tr/l/gN c C“(R X R^), 

00 

(5.15) 1 = 2];y/on[0,^o]xR^ 

i=i 

so fhaf each cutoff function;y/(t, x) is non-zero only for t e [-2ro, 2ro] and satisfies ,.,n{t)xR^ c 
supp(Y/(t, •)) C n (f) X R"^ for t € [0,2ro]. 

In order to obfain uniform 5^ norm bounds on fhe evolutions of {An,fn) on [0, Tq] x R^, if 

suffices fo esfablish uniform bounds on fhe Sfricharlz and componenls of fhe 5^ norms of 
(A„, (pn) on [0, To] X R^. These bounds fhen imply uniform bounds on fhe full S ^ norms of (A„, ff) 
on [0, To] X R^ by a boolslrap argumenl as in fhe proof of Proposition 18.71 see fhe key Observation 1 
and Observation 2 fhere. Since fhe argumenf in Proposition 18. 7 l is self-conlained, we omif fhe defails 
here. To facililale fhe nofafion in fhe following, we inlroduce fhe S ^ norm 

INl|, :=2]||P^V,,n||?^. 

keZ 




Ils dyadic subspaces 5 are given by 
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where we recall that 


r Str _ 

- 


i + lll<3 

q r — 4 


We begin by deriving uniform S ^ norm bounds on the evolutions A„ on [0, Tq\ x To this end 
we define for /, y = 1,..., 4 and Z e N, the curvature tensors 


and 


^njj ~ dfAfi j djAfi i 




n,i j ‘ n,j '^J n,i 

From Lemma Island Lemma [5^ we conclude that 

oo oo 

Fnjj - 2 ] ^ 

/=! /=! 

Using the Coulomb gauge, we find for j - 1, • ■ • ^ 4 fhaf 


A„,y - A-^&Fn,ij = Y, on [0, Tq] 


/=! 


In order to infer S ^ norm bounds on A„_y from the finite S ' norm bounds of the globally defined 
evolutions A^^ , we invoke the following almost orthogonality estimate. We defer its proof to the 
end of this subsection. 


Lemma 5.9. There exists a constant C{A, (p) > Q so that uniformly for all n, we have for j = 1, • • •, 4 
that 

A/2 

< aA,«( ||A-‘a'ar,F2,)||:„ 


(5.16) 


1=1 


S'dOTolxRA 


1=1 


The constant C(A,(p) > 0 depends only on the size ofTo > 0, which is determined by the energy 
class data (A, 0)[O]. 

Hence, by (15.161) we obtain for j - 1, ■ • ■ ^ 4 that 


l|A 


«J|Is‘([0,7’o]xRA 




1=1 


(5.17) 


ShlOTolxR-*) 


c(A,«(Xl|A-‘a'faOllA.«-, 

V=1 


1/2 


< C(A, ||A xixt^X^n )||5l(RxR'^) 


1/2 


Next we will invoke the following multiplier bound for the S ^ norm that will be proven at the end 
of this subsection. 


Lemma 5.10. Letx e C“(R x R'^) satisfy 




q,r < oo 
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for some D > 0. Then there exists a constant C > 0 independent ofx such that for all if € (RxR^), 

it holds that 


(5-18) ||A ^ 


By scaling invariance of the S ^ norm and the scaling invariant setup of the partition of unity 
we are in a position to apply Lemma |5. 101 uniformly for all multipliers xi to estimate the 
right-hand side of (15.171) by 

/ oo \l/2 

'■/=! / 

By the small energy global well-posedness result |[22]| . this is in turn bounded by 

( oo 

1=1 

It remains to square sum in I over the x norms of the initial data ,A^^)\Q)\, which we defer 
to the end of the proof of Proposition |5]2] 

To deduce uniform S ^ norm bounds on the evolutions 4>„ on [0, Tq] x R^, we use Lemma Isl and 
Lemma |R8] to write 

(X) OO 

(5.20) ™ ^ 

/=! l=l 

Next, we apply the following almost orthogonality estimate whose proof we defer to the end of this 
subsection. 



Lemma 5.11, There exists a constant C{A, f) > 0 so that uniformly for all n, 


(5.21) 



Si([0,ro]xR4) 




1/2 


The constant C{A, f) > 0 depends only on the size of Tq > 0, which is determined by the energy 
class data (A, 0)[O]. 


Thus, by (15.201) and (15.211) we find that 

/ °° I 

(5-22) ll0«ll5‘([O,7’o]xRA ^ <^(21,0) ^ IIt/^ 0«1Is1(RxR4) • 

V=1 I 

Here it is not immediate how to obtain norm bounds for from the finite norm 

bounds of the globally defined because y® implicitly depends on the unknown quantity 
Indeed, we defined in (15.101) for t > 0 fhat 

7n\^, ■) ^ rn\0, ■)+ f (A„p(s, ■) - A^Jl(s, •)) ds 
Jo 

and we have AA„ o = - Im(0„D,0„). We will overcome this difficulty by exploiting that Jry® is 
a harmonic function on every fixed-time slice of K(x/, |r/) in view of Lemma |5ffil respectively 
Lemma |R8l and its definition 

•) = A„,o(f> •) - A„,o(f, •) for t > 0. 
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It therefore enjoys the interior derivative estimates for harmonic functions on every fixed-time slice 
of K{xi, |r/). The partition of unity (15.151) was chosen in such a way that the cutoff functions xi 
satisfy for all 0 < f < 2Tq and x e supp(Y;(t, •)) that B{x, j) c n (t) x R"*. Thus, for all 

integers A: > 0, we obtain from the interior derivative estimates for harmonic functions that 

cWi 










y.i+k I 


.0 - 


< 




<C{k,A,<p). 


We may therefore conclude that 
(5.23) 

Similarly, we observe that by Lemma 5.6, 

dj7n\t, •) = dtA„fl(t, •) - dtAnfiit, •) 

is harmonic on every fixed-time slice of K{xi, |ro). The interior derivative estimates for harmonic 
functions then yield for all integers A: > 0 that 
C(A:)| 


< 


„4+it 


||(5(A„,o - dtA„fl){t, oil 




< ^^||((9jA„,o - dtA„fi){t, 0 


Since we have 

4 4 

||5,A„(t, o||^2(]^4) ^ ||Vx^iA„(t, o|| 4 < ^||lm(d>„D,d>„)|| 4 < ^ < £(A, 0 ) 


1=1 


1=1 


and analogously for ||(),A„(t, 0 IIl2(r 4), it follows that 

(5.24) < C(A:,A,(/>). 

Next, we note that 0 as defined in (15.11) is harmonic on fhe ball B{xi, |r/). As before, fhe 
inferior derivafive esfimafes for harmonic functions give for all infegers A: > 0 fhaf 


(5.25) 

We fhen obfain from 

fhaf 

(5.26) 


'I 


L“(Rti 


<Cik,A,<p). 


x) = yn\0, x)+ f dtyi^\s, x) ds 
Jo 




< C(k,A, (p). 


From (15.231) - (15.261) we conclude fhaf for all integers A: > 0 fhere exisfs a consfanf C{k,A, cp) > 0, 
depending only on k and fhe energy class dafa (A, 0)[O], so fhaf for all sufficienfly large n and all 
ZcN, 


(5.27) 


max r, 

m=0,l,2 


h+ni\\'^k ^ 




LTK 


< C{k,A,(P). 


Similarly fo Lemma [5. 101 we also have fhe following mulfiplier bound for fhe S ' norm. 
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Lemma 5.12. Let x e C°°(R x K.^) satisfy 

^Dforain<q,r<cc 

for some D > 0. Then there exists a constant C > 0 independent ofx such that for allijf € (RxR^), 


(5.29) 


II^*AIIs‘(rxr4) - ^^II*AIIs1(rxr'*)- 


In view of (15.271) . the scaling invariance of the S ^ norm and the scaling invariant setup of the 
partition of unity {;t'/)/ 6 N 5 we can apply Lemma lS. 12l uniformlv for all multipliers xi to estimate the 
right hand side of (15.221) by 

/ OO \ 1/2 

C(A,0) 


/=! 


By the small energy global well-posedness result 11221 . this is in turn bounded by 

^l/2 

(5.30) 


C(A, 0)(2] ||V,,0/\O)||J, + . 


i=i 


It remains to square sum in I over the H\ x L\ norms of the initial data (0/\ A®)[0] in (15.191) and in 
(15.301) . Here we have, for example, from the definition 


^/\0,-) := e't'"’(°’-Vip-.,|<r,|(-)0«(O,-) 


that 

(5.31) 

OO „ 




OO ^ 

y, I (l^x7n\0, x)PiY|p-;c,|<r,|(.^)l^ + xX\\x-x,\%n\{x)?-)\(t>n{Q, x)\^ dx 

OO „ 

yi I iA||jr-x/|<r/|(.^)l l^;t0n(O, x)| dx. 


By the construction of the partition of unity, we have uniformly for all Z € N and x e R"* that 

,V7 ...m 2 . ^(A,^) 

xX[\x-xi\%ri\{x)\ < 

and, using also (15.251) . that 

|Vxr/^(0,X)Piy'||;,_;„|<;.,|(x)P < ' 

By Hardy’s inequality and the uniformly finite overlap of the supports of the cutoffs ;k^||jc-A:;|<r;|(0> 
we conclude that (15.311) is bounded by 

C(A, 0)||V,0„(O, •)|p2 < C(A, ct>)E{A, 0) 

uniformly for all sufficiently large n. Proceeding similarly with the other terms in (15.301) . we finally 
obfain fhaf (15.301) is bounded by C(A, f>)E{A, cp) uniformly for all sufficienfly large n. This finishes 
fhe proof of Proposifion l5.2l □ 


Nexf, we furn fo fhe proofs of Lemma 15.91 and of Lemma 15.111 We only give fhe proof of 
Lemma B.lll fhe of her one being similar. 
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Proof of Lemma lSH] In view of the setup of the partition of unity we may assume in this 

proof that the spatial support of xi is at scale ~ 2' for / € N. Moreover, we recall that xiiU •) is 
non-zero only for t € [-2To,2To]. 

We first consider the component of the S ^ norm. Here we want to show that 


oo 

keZ 1=1 


< 


Sf"'([0,ro]xR4) 


i; i; iiAv„fe»-'>'"ft'')ii5;,, 

/=! keZ * 


Let {q, r) be a wave-admissible pair. Then we have 

OO 

/=! 


keZ 


(5.32) 


k<0 


2(i + ^2)i 


L?L^([0,^o]xR=^) 
2 


/=! 


+ 2 ] 22(5 + 7 - 2 )^ Y ^n) 


LfLJttO.TolxRh 
2 


!>-k 


L^L^-CtO.TolxRh 


In order to bound the first term on the right-hand side of (15.321) . we introduce slightly fattened cutoff 
functions xi ^ C“(l. x R.^) such that supp(;y/) c supply;). Then we obtain from Holder’s inequality 
and Bernstein’s estimate that 


k<0 


k<0 




2 ] 2 )^ PkY'^uxixie 

i=\ 


LfLi([0.7'o]xR'‘) 


/=! 


L”L‘([OTo]xR=^) 


k<Q '/=! 

Since the spatial support ofxi is at scale 2^, this is bounded by 

2-12 (2 ■ 

t:<0''/=l ' 

Finally, using Young’s inequality, we arrive at the desired bound 

^ OO 2 ^ 

l=\ l=\ 

Regarding the second term on the right-hand side of (15.321) . 


(5.33) 


22-'= 

keZ 


2(^^2)i 


2 ] 


l>-k 


LfLJ.CtO.T’olxRh 


we note that the spatial support of the cutoff ;y/ is at scale 2^, while the projection P^ lives at spatial 
scale 2“^. Thus, for I > -k the projection P^ approximately preserves the spatial localizations of 
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the cutoffs up to exponential tails that can be treated easily. Since the family of cutoffs {;t'/)/gN is 
uniformly finitely overlapping, we may therefore bound (15.331) schematically by 


t:6Z l>-k 


2a+^--2)k 




Lj'LJ.([0,ro]xR4) 




/=! 


which is of the desired form. 

It remains to consider the component of the S ^ norm. Here our goal is to prove that 


2 


keX 


1=1 


-n'n 


0,1 , IIS> 

Xec^([0,ro]XR4) 


To this end we distinguish between small and large modulations. For small modulations j < 0, we 
may just dispose of the projection Qj and trivially estimate 


V sup 22 


PkQj y 


’-1 / J 

l=l 


LiLi 


keZ 


Xav, 




l=l 


LiLi 


By the space-time support properties of the cutoffs xi and Holder’s inequality in time, this is 
bounded by 


< 


2^0 PkYj^t,.(xie-‘^’' 


/=! 


2 

L”L2(RxR"1) 


and then we obtain as in the previous considerations on the 5'^"' component of the norm the 
desired bound 


< T, 


zz 


/=I 


Pk'^uxixiP 




2 

L~l2(rxR4) 


For large modulations j > 0 and large frequencies k > 0, the space-time supports of the cutoffs xi 
are approximately preserved, up to exponential tails that can be treated easily. Denoting by xi 
slightly fattended versions of the cutoffs xi, we may therefore estimate schematically 


^sup2^ ^PkQj'^t,x(xie 


k>Q 


j>0 


/=I 


2] sup 2^ Y^XiPkQj^uxixie 
k>0 >0 


< 


< 




/=! k>Q >0 


2 ] 


l=\ k>0 




which is of the desired form. It therefore remains to consider the case of large modulations j > 0 
and small frequencies k < 0. Here we distinguish the cases 1 > -k and 1 < Z < -k. For I > -k, 
the projection PkQj approximately preserves the space-time localization of;y/ and we immediately 
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2 ] sup 2 ^ Y_^PkQj'^t,x{Xie 
k<0 l>-k 


;W^||2 


obtain the schematic estimate 

k<0 l>—k 

which is of the desired form. Finally, for 1 < / < -^ and large modulations j > 0, Qj approximately 
preserves the time localization oixi- Thus, we obtain for slightly fattened cutoffs^/ that 

-k 2 

^ sup 22 ^PkQj'^t,x(xie~‘'^"^0n^) 


k<Q 


j>0 


l=l 


^Zsup2'' YjPk(xiQj'^t,x(xi(^ 

k<0 1=1 

Since xi and xi approximately live at frequency 2~\ this is basically a high-high interaction term 
and we may write schematically 

-k 

- 2] sup22 Y,Pk(P-mP-i{Qj'^,,xixie-'^'~^f))) 
k<o 

I I 

< sup 22 h^u(P-liXl)P-l{Qj'^ t,xixie~'^" ^^n))] 
k<o 

By Bernstein’s estimate and Holder’s inequality we then find 




2k 


\P-iQj^,.x(xie~’^"'^%L}Ll 


< 




1=1 


■,2k+2l\ 




0 , TT 

X„- 


k<Q '/=! 

where in the last line we used that the spatial support of^; is at scale 2^ Using Young’s inequality, 
we arrive at the desired bound 






1=1 




.U0.(/)||2 


1=1 


This hnishes the proof of Lemma B.lll 


It remains to prove Lemma l5. 101 and Lemma [5 .121 We only give the proof of Lemma [5. 121 the 
other one being similar. 

Proof of Lemma\5J2\ We have to prove that for any f € S^{M.x R^), 

liT'AllshRxRh ^ |Z ll^2:V,,xCuA)||5Sf.(RxR4) + ‘ j ^ CDIIl/^lljqjRxR^)- 

To this end we will constantly invoke the assumed space-time bounds (15.281) for the multiplier ;y. 

We first consider the Sf^’’ component of the Sk norm. Here we denote by {q,r) any wave- 
admissible exponent pair, i.e. satisfying 2 < q,r < oo and | + 7 ^ f - For any k € Z we have 

(5-34) < ||Fi:((Vj_;tY¥)||55rr + 






























50 


CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


and begin with estimating the first term on the right hand side of (15.341 ) . If A: < 0, we obtain by the 
Bernstein and Sobolev inequalities uniformly for all {q, r) that 

< 22^11 V,,;y|| ^ iWVMltlI 

Ly. 


Here we used that 


jtsZ 


1/2 


^ 2] wPk^xnl^A < 2] \\Pk^r,xM^siA ^ 


ieZ 


1/2 


If /: > 0, we have 




< 






< 


2^1|P>^-cV,.q/||^.^4ll«AllL~L4 + 2(^^2>^||p<^_cV,,j^||^„^„||p^+o(i)., 

I T^^—kW 


L[. 


where we used the reverse Bernstein inequality 

Square-summing over ^ € Z yields the desired bound. We continue with the second term on the 
right hand side of (I5.34I ). If ^ < 0, we use Bernstein’s inequality to bound 


zkn,2k 


S 2i‘2 

For ^ > 0 we find 


.llVutl-ll 


LTU 


< 2 


2k 


< 2^-^^--^^Pk{{P>k-cx)^tMA^r^ + 2(5^--2>'||p,((P<,_c;^)P,^0(i)V,.«A|L.i. 


< 


2«‘||/'>i-cA-|L,,.l|V„^lll.i; + 2'i*U»||Ps,_cA-|L.,.||n«„,V„ 


IL^P 


< 


2-’1|Vrf|L.,.ll^lls 


1 -I- 






||PA:+0(l)Vf,;t<A|| 


Pi'' 


The desired bound again follows affer square-summing over k eZ. 

0 1 

Next we consider the X^- component of the S norm. For any A: € Z we have 

(5.35) ||P;tV,,0f^)||^o,i < ||P^((V,,a')<A)||^o, > + \\Pk(x^t,xik)\\^o.^ ■ 

We start with the first term on the right hand side of (15.351) . If ^ < 0, we split into a small and a 
large modulation term 

(5.36) Pkii^ixX)^) = PkQ<o{{^tM) + PkQ>o{{^t,xX)^). 
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We easily estimate the small modulation term using Bernstein’s inequality, 

||/’^! 2 <o((V,.;y)«A)|| o,* ^ ^ 

Xoo ' ^ LjLx 

To estimate the large modulation term we consider for any j > 0, 

25'l|P^<2;((Vr,.;y).A)|L2^2 < 25^]|p,Gy((P>y_c(V,,^^ 

(5.37) + 2^PuQj{{P<j-cQ>j-c{^t,M\\i2Ll 

+ 2^^^PkQj{{P<j-cQ<j-c{'^t,xX)Qj+o(i)^%i2i2- 
We bound the first term using the reverse Bernstein inequality, 

25'1|p^<2X(P>;-c(V,.t))<AL2^2 < 22^25^||(P>,_c(V,,;^)).A|^ 

< 22^2-5^]|V,V,,;^|| ^ 4||.AIIsi. 

For the second term on the right hand side of (15.371) we obtain from a reverse Bernstein estimate in 
time that 

25^1|Pi<2X(P<;-c!2>;-c(V,xT))«A|L2^2 < 22^2-5i]|V,,5,;^|^ ^ 4||<All5i- 

The third term on the right hand side of (15.371) can be estimated via a Littlewood-Paley trichotomy 

2^^\PkQj{{P<j-cQ<j-c{'^ t,xX))Qi+o(i)*p\i2i2 

j-c 

X 2^-^\\{PiQ<j-c{^t,xX)))Pi+0(i)Qj+0(i)^\\i2^2 

l=k+C 

+ 22-^||(Pjt+0(l)2<j-c(Vf,xT'))P<A:+0(l)2;+0(l)<A||i2^2 
2^-^\\iP<k-cQ<j-c('^t,xX))Pk+o{r)Qj+o{i)^\\i 


(5.38) 


+ . 


|/2r2- 

^x 


We bound the high-high case by 
j-c 

J] 22^25^||P/(2<y-c(Vf,^qr)|L~iJP/+0(l)e;+0(l)'A||i2^2 


l=k+C 


j-c 


l=k+C 

S 2l|V,,d-|L 

The high-low case is estimated by 


5 2“ 2] ||V,,rf||,.,j2-'||p,.o,„V, 


X 2w||n+ai)2<i-c(V,j:4)|f.i)|Aei+o<i>>/'||i!i; 

l<k+0{l) 


I<k+0{1) 
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and the low-high case by 

Thus, we obtain the following estimate for the large modulation term in (15.361) . 

||/’.<2>o((V,.;^¥)|| 0 > ^ ^ 4||«All5i+2iV,,;y||^ 


1 . 

2 


"L?L^ 


11^00^2 MV'IISi 


-I- 




If ^ > 0 in the first term on the right hand side of (15.351) . we again split into a small and a large 
modulation term, 

(5.39) Pk{{^t,xX)^) - PkQ<k{{^,,xX)>P) + PkQ>k{{^t,xX)^). 

We can immediately dispose of the small modulation term as follows 

\\PkQ<k{{^uxX)>l^)\\ 0 ,. ^ 2^Pu{{Vt,xX)0^^2^2 


\k. 


< 2 2 


< 2~p 


To treat the large modulation term, we find that for any j > k, 

2-^j\\PkQj{{^t,xX)<k)\i2^2^2-2j\\PkQj{^^^^ 

(5-40) + 2^||p,(2X(P<,-c<2>i-c(V,.2r))<A)llL2L2 

+ 22-’\\PkQjiiP<j-cQ<j-c{'^t,xX))Qj+0{i)^)\\[2i2- 

We estimate the first term by 

2^1|P>,7-cVlAT||i2^4l|lAllL“L^ ~ 2 ^-■’\\'^x^t,xX\\i2^4WxH\L'^Ll 

<2-5^||V,V,,;y||^2^4ll«Allsi- 

The second term on the right hand side of (15.401) is bounded by 


2mP<j-cQ>j-cyuxx\\ 


L2i,4l|l/'llL~Z.4 


< 2 






Using a Littlewood-Paley trichotomy we obtain the following estimate of the third term in (15.401) 


Finally, square-summing over k eZ gives the desired bound for the first term on the right hand side 
of (15.35b . The second term on the right hand side of (15.35b can be handled similarly. □ 
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5.2. Localizing in physical space. In this subsection we consider Coulomb data (A, (;6)[0] € x 
for all 5 > 1. We show that there exists T > 0 and a C°° solution of the same regularity class on 
each time slice of the space-time slab {-T, T] x satisfying the required S ^ norm bound 

II(A,<^)||5 ‘([-r,r]xR4) < “■ 

To this end we fix a large Rq > \. For each R > Rq, we consider a cutoff xr ^ fhaf 

equals 1 on fhe ball Bg(0) and has supporf in a dilafe of B«(0). In fhe previous Subsecfion IS.ll we 
demonsfrafed fhaf upon writing 

Ar :-TrA - xjR 

for fhe spafial componenfs of a new connection form Ar, where 

Jr = A~^dj(xRA^), 

fhere is a way fo pick fhe remaining dafa dtAR{G) and ^ r [ 0 ], so fhaf fhe corresponding dafa are all 
of class X and of Coulomb class. Thus, we obfain local solufions wifh fhese dafa from 
fhe local well-posedness resulf 1361. We can also arrange fhaf 0 r[O] is supporfed wifhin fhe ball of 
radius ^ centered at the origin. It is then also easy to verify that 

(Ar, 0r)[O] ^ (A, <;&)[0] as ^ oo 

with respect to the x topology for any 5 > 1. Moreover, the argument in the previous 
subsection together with Proposition I4.3l implies that these solutions extend of class x to a 
space-time slab [-T, T] x R"*, where T > 0 is independent of /? > Rq. It then remains to check that 
the corresponding local solutions on {-T, T] x R^, call them again (Ar, 0r), converge with respect 
to the S ^ norm. This will essentially follow from the perturbation theory developed later on in the 
key Step 3 of the proof of Proposition 17.41 The following proposition can be proved. 

Proposition 5.13. The sequence |(Ar, ^r)]r>r^^ converges in S ^([-T, T] x R"^) as R ^ oo. The limit 
is also of class x for all s > I on each time slice of [—T, T] x R^, hence of class C°°, and a 
smooth solution to the MKG-CG system on \_—T, T] x R^ with initial data (A, (;f')[0]. 

Proof A sketch of the proof is given in Subsection iTAl □ 

6. How TO ARRIVE AT THE MINIMAL ENERGY BLOWUP SOLUTION 

In this section we address another delicate issue arising due to the difficulties with the perturba¬ 
tion theory for the MKG-CG system. Assume that (A„, is an “essentially singular sequence” of 
admissible solutions to the MKG-CG system that converges at time t = 0 in the energy topology to 
a Coulomb energy class data pair (A, (;f')[0] with E{A, f) = Ecru, 

lim(A„,</>„)[0] ^ (A,<^)[0]. 

n-^oo 

Using the concept of MKG-CG evolution for energy class data from Definition 15.31 we obtain an 
energy class solution (A, f) with maximal lifespan I. We then want to infer that 

(6.1) sup ||(A,<;&)||5iyxRti ^ 

JcIJclosed 

while by construction it holds that E{A, f) = Ecrit- In view of Lemma|5Aj it suffices to consider the 
case / = R. The problem here is that while we have 

lim ||(A„, xR'*) = 

n-^oo ^ ' 
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where I„ are suitably chosen time intervals, we cannot use an immediate perturbative argument to 
obtain (16.1b as is possible for wave maps in 123 . The reason comes from the fact that the (A„, (pn) 
may have non-negligible low-frequency components. Nevertheless, we obtain the following result. 

Proposition 6.1. Let be an essentially singular sequence of admissible solutions to the 

MKG-CG system. Assume that 

lim(A„,0„)[O] = (A,0)[O] 

n—^oo 

in the energy topology for some Coulomb energy class data pair (A,0)[O]. Let I be the maximal 
lifespan of the MKG-CG evolution (A, f) of this data pair given by Definition 15. Jl Then it holds that 

sup ||(A,0)||5iyxR4) - oo. 

JdIJclosed 

Proof A sketch of the proof can be found in Subsection |7A1 □ 

We shall later on need certain variations of the preceding proposition. 

Corollary 6.2. Let {(A„, 0n)[O]}„gif and (A, 0)[O] be Coulomb energy class data such that 

lim(A„,0„)[O] = (A,0)[O] 

n—*oo 

in the energy topology and let I be the maximal lifespan of the MKG-CG evolution o/(A,0)[O]. If 
J c I is a compact time interval, then it holds that 

limsup||(A„,</>„)||5iyxR4) < oo. 

n—^oo 

This entails the following important corollary. 

Corollary 6.3. Let {(A„, 0n)[O])nEN ^ LI\xL\ be a compact subset of Coulomb energy class data. 
Then there exists an open interval /* centered at t = 0 with the property that 

L c I„ for all n € N, 

where In denotes the maximal lifespan of the MKG-CG evolutions o/(A„,0„)[O] given by Defini¬ 
tion 15.31 

Proof. We argue by contradiction. Assume that there exists a subsequence {(A„j,, for 

which at least one of the lifespan endpoints of the associated MKG-CG evolutions converges to 
t - 0. Passing to a further subsequence, which we again denote by {(A„j,0„^)[O])ytgN, we may 
assume that 

lim(A„,,<;&„j)[0] = (A,0)[O] 

k—^oo 

in the energy topology for some Coulomb energy class data (A,0)[O]. The contradiction now fol¬ 
lows from Corollary 16.21 □ 


7. Concentration compactness step 


7.1. General considerations. We begin by sorting out the relationship between the conserved 
energy and the H]. x L^-norm of solutions (A, to the MKG-CG system. Recall that the conserved 
energy is given by the expression 


E{A,<I>) 


1 

4 



{dcyAp dpAff) dx -i- 



\da<p + iAaf'^ dx. 
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Using the Coulomb gauge condition, this can be written as 


E{A,<p) = y f 


{diAjY dx + 


2 V Jr4 


+ (diAgf dx + 


2?^ 


\da<f> + iAaipr dx, 


which immediately implies 

EiA,cl>) < ||V,,A;||J, + ||V,Ao|| 2, + l|V,A„||y|V,,^||2,. 

i a 

Conversely, in order to exploit the conserved energy, we also need to show that the expression 

2] I|V,,A„||2, + ||V,,0||J, 

a 

is bounded in terms of E{A,(p). Here the only issue comes from bounding the terms ||V(;f0||^2 and 
||£ifAo||i 2 . However, the diamagnetic inequality gives the pointwise estimate 

< \{da + iAa)(l>\ 

and Sobolev’s inequality then yields 

UWli ^ W'^xWli ~ Z 

j 

Thus, we find 

WdaCpWLl ^ ll(5« + fA„)0||^2 + ||A„0||^2 

< \\{da + /A„)0||^2 + ||Aq,||^4 + 11011^4 

< E{A,(f>)^- +E{A,(f>). 

In order to bound the time derivative ||5iAol|£^2, we use the compatibility relation 

A5(Ao = - ^ dj Im(0Dy0) 


to obtain 


WdrAohl < l|V,5,Aoiy < 2] \\(f>Dj(f>\\ 4 < J] ||0||^4||Dy0||^2 < E{A,4>). 
■ j ,/■ 


We also recall that the notation (A, 0)[O] for initial data for the MKG-CG system only refers to 
the prescribed data Ay[0], y = 1,..., 4, for the evolution of the spatial components of the connection 
form A. The component Aq is determined via the compatibility relations. 


7.2. Setting up the induction on frequency scales. Our final goal will be to show the following. 

Let (A,0)[O] be admissible Coulomb data. Then the corresponding MKG-CG evolution exists 
globally in time and denoting its energy by 

E — — \ ' j (daAfj — dpAiy) dx + — ^ ' j \da + lAa(p\ dx, 

4 Jr4 2 ^ Jr4 

there exists an increasing function A': R'*' —> R"*" such that 

ll(^»i^)llsl(RxR4) < K{E). 

To prove this result we proceed by contradiction. By the small data global well-posedness result 
II 22 II we know that the assertion holds for sufficiently small energies. So assume that it does not 
hold for all energies R > 0. Then the set of exceptional energies has a positive infimum, which 
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we denote by Ecrit, and we can find a sequence of admissible data {(A”, 0”)[O])„gN with evolutions 
{(A”, 0”))„6 n defined on {-Tq, T") x such that 

lim E{A\f) = Ecrit, 

n—^oo 

lim l|(A”,0”)||5l((_7’n 7 ’;.)xR4) - +“• 

We call such a sequence of initial data essentially singular. 

We now implement a two step Bahouri-Gerard type procedure. The first step consists in selecting 
frequency atoms. Here we largely follow the setup of Subsection 9.1 and Subsection 9.2 in If20l . 
which in turn is partially based on Section III.l of [IJ. We recall the following terminology from [IJ. 
A scale is a sequence of positive numbers We say that two scales {/1™)„6 n and {/1”*)„6 n are 

orthogonal if 

^na ^nb 

lim —7 H-= + 00 . 

n —*00 

Let {/t”)„gN be a scale and let {(/", g”)}n6N be a bounded sequence of functions in Hi (#) X L2(R4)_ 
Then we say that {(/”,g”))«€N is A'^-oscillatory if 

lim lim sup ( f + f dA = 0 

R^+oo J|T''|f|>R| / 

and we say that {(/”, g”))nEN is A’'-singular if for all > a > 0, 

lim r + = 

J{a<A''\^\<b\ 


We obtain the following decomposition of the essentially singular sequence of data {(A”, 0'')[O]}„gN 
into frequency atoms. 


Proposition 7.1. Let {(A”, 0”)[O])„gN be a sequence of admissible data with energy bounded by E. 
Up to passing to a subsequence the following holds. Given 5 > 0, there exists an integer A = 
A{6, E) > 0 and for every n eN a decomposition 

A 

A"[0] -2]a“[0]+AX[0], 

a=l 

A 

<^”[0] - <^“[0] + fim. 

a=l 


Eor a - 1,...,A, the frequency atoms (A™, (;t>"'')[0] are A'^-oscillatory for a family of pairwise 
orthogonal frequency scales {/!”“)„. The error {A’f, <;t'^)[0] is A'^-singular for every \ < a < A and 
satisfies the smallness condition 


limsup|K[0]||^, ^^0 

n—^OO 2,00 2,00 


<d, 


limsup||0X[O]||^. xro 

n—^OO 2,00 2 , 


< 5. 


Moreover, for a = 1,..., A, the frequency atoms (A”“, 0“)[O] have sharp frequency support in the 
frequency intervals \f \ e [(/l”“)“^/?~^, (/l”“)“^/?„]/or a suitable sequence Rn +“. Eor different 
values of a, these frequency intervals are mutually disjoint for sufficiently 

large n. Einally, we have asymptotic decoupling of the energy 

A 

E{Af /”) = 2] £(A™, /“) + EiAf, fl) + 0(1) asn^^, 

a=\ 
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where the temporal components A™ are determined via the compatibility relation 

(A - |0™|2)A“ = 

and similarly for A” p. 

Proof. We suppress the notation [0] in the proof. As in Section III.l of |Xl, we obtain a decompo¬ 
sition of the data {(A", d'"))«6N into frequency atoms 

A A 

\ ^ Xna , Xn \ ^ Ina , "In 

A 4> = 2_j^ +^a’ 

a=\ a=\ 


where are ^"‘'-oscillatory for a family of pairwise orthogonal scales for a = 

1,..., A. The error (A^, is ^"‘'-singular for a = 1,..., A and satisfies the smallness condition 


limsup||A^||^, ^^0 <d, limsup||0^ 




< A 


In order to get a clean separation of the frequency atoms in frequency space, we have to prepare 
them a bit more, because their decay from the scale might be arbitrarily slow. To this end let 

—> CX3 be a sequence growing sufficiently slowly such that the intervals 
are mutually disjoint for n large enough and for different values of a. Then we replace the error A^ 
by 

A 


An — p . 

^A -logR„,/j'’“+logR, 


A" + V P A / / A"" 

^ ^-\ogR,„n"‘‘’ +\ogR„r^ ’ 


a=l 


where p"" = - log A"", and the frequency atoms A"" by 


Ana _ -p 

/I — 1 \iiYta_ 


[^^^-\0gRp,fi^^+\0gRn]^\ 


A1 +P 


[;i"‘‘-logR„,p’^+log R„] 


A 

y A""' 


a' = l 


for a = 1,..., A. In order to remove the dependence on A in the new profiles, we may replace A 
by A„ wifh A„ ^ ex? sufficienfly slowly as n ^ cxj. Analogously, we define 0"" and f'f. This new 
decomposifion 

A A 

(7.1) a" = 2]a"‘'+ax, = + 

a=\ a=\ 

has fhe same properfies as fhe original one, buf fhaf we have now arranged for a sharp separafion of 
fhe frequency supporfs of fhe frequency atoms. 

Finally, we turn to the asymptotic decoupling of the energy. Here we recall that the “elliptic 
components” A™ associated with a frequency atom (A"",^"") are determined via the elliptic com¬ 
patibility equations. It therefore suffices to show that the decomposition (17.11) (which only refers to 
the spatial components of the connection form A") implies a similar frequency atom decomposition 

A 

(7.2) A" = 2] A™ + AX,o + opj(l) as n ^ cx,, 

a=l 

where A™ is A"''-oscillatory and Af ^ is A"‘'-singular for each a = 1,..., A. Then the decoupling of 
the energy is an immediate consequence of the construction of the frequency atoms. For example, 
we have the limiting relations 

lim r dx = 0, 

n^oo 
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if not all of a, a', a" are equal, as well as 

lim r dx - 0, 

n-^oo Jj^4 

if not all of a, a', a”, a”' are equal. It remains to prove the decomposition (I7.2I) . To show this, we 
first observe that (at fixed time t = 0) 

A 

- Im^ - Im- Im+ o 4 (1) as n ^ cxj. 

a=l 


It is then enough to show that 

(A - |0”P)A“ = - Im + 0 4(1) as n ^ oo, 

(A - \4>''\^)Al o - - Im + 0^(1) as n ^ oo. 

A 

This in turn will easily follow once we have shown that each A™ is /{"'’-oscillatory, while A" ^ is 
/{"“-singular for a = 1,..., A. We demonstrate this for a = 1, where we may assume by scaling 
invariance of these assertions that \ throughout. We start from the compatibility relation 

AA"' - |<^"^|2a“1 = 

and distinguish between small and large frequencies. 

We begin with the small frequencies. For /? «: -1 we write 


AF<rA"' -P<r(|0"'|2a" 1) = -P<R(Im(0"'5,0"i)), 


where we have 


Next, we split 


Then we have 


whence 


lim lim sup ||P<r( Im 


R—*-oo 


= 0 . 


P<r(I0"'Pa" 1) - P<«(P<«(|0"f)A"i) + P<«(P>«(|0"f)A"'). 


lim limsup ||p^r|0"^P|| 2 - 0, 

R->-oo -2 "+r 


lim limsup||P<R(P<K(|^"^p)Ao^)|| 4 = 0, 

R_>_oo -2 "ji 


while for the second term above, we obtain from Bernstein’s inequality that 

||P<R(P>f(l0"f)AS')|| 4 < 2] ||P<R(P^,(l0”f)P^2 Ao')|| 4 


h=k2^0{\\ 

R 
' 2 


< 


2' Z llA.i^"‘r-iyiAA;>i 


III 


ki=k2+0{\), 

ki>§ 

2*lk"‘ll;;IK‘llfl!- 


We immediately conclude that 

lim limsup||P<R(P fi(|0"^p)A"')|| 4 = 0. 

R—¥ — 00 " 2 "73 


Z." 
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Using Sobolev’s inequality, it then follows that 


lim sup 11^1 < limsup||P<R(Im(0”^5,0”i))|| 4 + limsup ||/’<r(|0"^PAo^)|| 4 ^0 

n—*oo n—*oo Lx n—*oo 

as R ^ -oo. Next, we consider the large frequencies. For/? » 1, we write 


AP>«A"' - = -P>R(Im(0”'5,0"i)), 


±nl |2 A nl 




where we have 


Then we split 


Im limsup ||P>R(Im(0”^5f0"'))||j = 0. 


R—*oo 




By frequency localization we have 


lim limsup P^«(|0‘ 

R n—>co “ 


nl |2\ 


lu - 0’ 


and thus. 


lim limsup ||p>r(P «(|0”^|2)A"^)|| 4 = 0. 

R->oo 2 11^3 


On the other hand, we have 


I|/’>r(/’<«(I0"'P)a^')|| 4 < 2] ||p,xp<«(rf)p,,A”i)|| 

ki=k2+0{l), ^ 

ki>R 

< 2] lk<5(l^"‘ft|L;l|A,A;>||,j 

hO(1), 

>R 

2-’lk"‘ll';IK llffl 


ki=k2+0(l), 
ki>R 

< j; 2?-fc||.^"'|iy|PfcAi;'||g, 

k2>R 

II ^«1 11^ II A «1 I 


and hence. 


lim limsup ||P>r(P<«(|0"^|^)Ao^)|| 4 = 0. 

J? V * * — 7 * * r A 


R—^OO fi^oO ^ 

We then conclude from Sobolev’s inequality that 

lim limsup ||p>«Aq^ 11^1 = 0. 

R >00 M^jkrvA 


Given an essentially singular sequence of initial data, by Proposition 17. ll for any d > 0 we obtain 
another essentially singular sequence {(A”, 0")[O])„gN of the form 

A 

A”[0] = 2]a"“[0] +A"[0], 

(7.3) 

A 

r[0] = Yj4>’"[0]+4>l[0] 


a=l 


with 


limsup||A;;^[0]||^i 


2 , 00 ^-“ 2,oc 


S, limsup ||0"[O]||^, ^^0 <d. 
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Eventually, we will prove that necessarily only one frequency atom (A™, 0”'^)[O] in the decompo¬ 
sition (1731) is non-trivial and has to be asymptotically of energy EcrU- In fact, the subsequent 
considerations will show that if there are at least two frequency atoms (A”',0"^)[O],(A”^,0”^)[O] 
that both do not vanish asymptotically, or if there is only one frequency atom (A”^, 0"^)[O] with the 
error satisfying 

limsup ||(Aj,0j)[O]||^ixi2 > 0, 
n—^oo 

then we get an a priori bound on the S ^ norm of the evolutions 

liminf ||(A”, 0”)lls*((-7'nAr)xR'') ^ 

contradicting the assumption that {(A”, 0")[O])n6N essentially singular. 

We now introduce a smallness parameter eo > 0 that will eventually be chosen sufficiently small 
depending only on Edt- In particular, we assume that eq is less than the small energy threshold of 
the small energy global well-posedness result |[22ll . 

By passing to a suitable subsequence and by renumbering the frequency atoms, if necessary, we 
may assume that for some integer Aq > 0, 

y limsup£(A""',0“) < eo- 

a>Ao+l 

Moreover, we may assume that the frequency atoms {(A“, (;6”'^)[0])„gN> n = 1,..., Aq, have “in¬ 
creasing frequency supports” in the sense that is growing in terms of a (for each fixed n). 

The key idea now is as follows. 

We approximate the initial data {A",(p^)\fi] by low frequency truncations, obtained by removing 
all or some of the atoms (A™, 0”“)[O], a = 1,..., Aq, and inductively obtain bounds on the S ^ norm 
of the MKG-CG evolutions of the truncated data. A^ this induction stops after Aq many steps, we 
will have obtained the desired contradiction, forcing eventually that there has to be exactly one 
frequency atom (A”\ (;f>”^)[0] that is asymptotically of energy Edt- 

7.3. Evolving the “non-atomic” lowest frequency approximation. From now on we suppress 
the notation [0] for the initial data. The errors (A"^,0”^) in the decomposition (17.31) are by con¬ 
struction supported away in frequency space from the frequency scales a = 1,2,..., Aq. 

It is then clear that the errors {(A”^, can be written as the sum of Aq -i- 1 pieces, which 

correspond to the Aq -i-1 shells that the frequency space gets split into by the frequency supports of 
the atoms (A”“, 0™). Thus, we can write 

Ao-i-l Ao-hl 

= Z <• K, = E K,- 

;=i 7=1 

where the first pieces (A^|^, 0^'^) have Fourier support in the region closest to the origin, i.e. in 

1^1 < 

In other words, one essentially obtains the “lowest frequency approximations” by re¬ 

moving all the atoms (A™, 0”“), a = 1,..., Aq, from the data. 

We then start our grand inductive procedure by showing the following proposition. 
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Proposition 7.2. The parameter eo > 0 can be chosen sufficiently small depending only on the 
size of Ecrit such that the following holds. Constructing the lowest frequency approximations 
as described in dH, then there exists a constant C{Ecrit) > 0 such that for all 
sufficiently large n, the data given by can be evolved globally in time and the corre¬ 

sponding solution satisfies 

II(A:1'„,<)IIs*(RxR4) < C{Ecri,). 

Proof The idea is to use a finite number of further low frequency approximations of {(A^|^, d’^g)}n£N 
and to inductively obtain bounds on the S ^ norms of their evolutions. Here it is essential that the 
number of these further approximations is bounded by CfEcrit) > 0 and thus independent of the 
choices already made. Picking these low frequency approximations requires a somewhat delicate 
construction involving a further frequency atom decomposition of {(A”|^, To begin with, 

for some sufficiently small di = dfEcrit) > 0, in particular di eo> we use decompositions 




Al((5i) 

”hi) , 4 h1 

Ao ■^'^Ao(Ai)’ 

;=i 
Al((5i) 

^Ao - Z_i ^Aq + ^Ao(Ai)’ 

;=i 


where the frequency atoms {A''j^I^-’\ have frequency support in mutually disjoint intervals 


with 


U) 

n\ 


CX3 as n ^ oo, and furthermore, we have the bound 
limsup|||A;^|,(^^)|l5i 

ooX®2oo + ll<(Aoll 


We may again assume that the atoms have increasing frequency support as j increases. 

The number of frequency atoms Ai(di) here is potentially extremely large. It is crucial that the 
number of steps, i.e. the number of low frequency approximations of {(A^|^, required in 

the inductive procedure is in fact much smaller, of size Ci = CfEcrit) ^ Ai(di). As we shall see. 
Cl can be chosen independently of di and Ai(di). We now pick the low frequency approximations 
of the data {(A^|^, For sq fixed as before, we inductively construct 0(-^) closed frequency 

intervals 7/ for the variable |^|, disjoint up the the endpoints and increasing. The chosen intervals 
will also depend on n, but for notational ease we do not indicate this. So consider n and Ai fixed 
now. Having picked the intervals /i = (-oo, b\\, Jj - [a/, bi\ with bi-\ = a; for / = 2,..., L - 1, we 
pick an interval \ai, bi^) with ol = f^L-i as follows. First, pick bi^ in such a fashion that 

or else, if this is impossible, then pick br = log(/l”^)“^ - log/?„, i.e. pick the upper endpoint of 
the frequency interval containing the lowest frequency “large atom” (A”\0”'). Now, in the former 
case assume that 

bt € [log(T"Ff))-i -log/?W,log(rTi))-i +log/?W] 

for some 1 < y < Ai(di), i.e. bi falls within the frequency support of one of the (finite number 
of) “small frequency atoms” constituting Then we shift bi^ upwards to 
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coincide with the upper limit, that is, we set 


Otherwise, we set 


bi = bt. 


Then we define the interval 7^ = \ai, bi}. Observe that for sufficiently large n, we have 


In particular, this implies that for sufficiently large n the total number of intervals 7/ is Ci = 0{-^). 
We now define fhe low frequency approximations of fhe dafa by fruncafing fhe frequency 

supporf of 0^1^) to the intervals 

Jl := U^j7/. 

More precisely, for 1 < L < Ci we define fhe L-fh low frequency approximafion of fhe dafa 
(A^l^, 0^1^) by fhe expression 

where by consfrucfion C\ = C\{Ecrit) ^ In particular, we have 

-(<><)■ 

We also slate fhe following key lemma, whose proof is a consequence of fhe preceding consfrucfion. 


Lemma 7.3. For L - 1,..., Ci and for any R > 0, we have for all sufficiently large n that 
\\P[aL-R,aL+R]'^+ \\P[aL-R,aL+R]'^t,x(f>Aj[\^2 ^ Rdi- 


In order lo prove Proposilion 17.21 we inductively show fhaf for L = 1,..., Ci and for all suffi- 
cienfly large n, fhe evolufions of fhe dafa 



exisf globally and salisfy fhe desired global S ^ norm bounds, which of course gel larger as L grows. 
For L - \ Ihis is a direcl consequence of fhe small energy Iheory. The main work now goes info 
proving fhe following proposition. 


Proposition 7.4. Let us assume that the evolution of the data 

iPF-At^PF-K) 

is globally defined for some \ < L < C\. We denote this evolution by P^^fber- 

more, assume that for all sufficiently large n, it holds that 


llu 


h1,(L-1) 

Ao 




nI,(L-I)0| 

Ao 1 |Is‘(KxR'') 


< C 2 < °0- 


Provided tij ^ » C 2 with di > 0 <35 above, there exists C 3 = CfiCf) < such that for all sufficiently 
large n, the data 



can be evolved globally and for the corresponding evolutions (A 


nI,(L) 

Ao 


>0 


nI,(L) 

Ao 


), 


it holds that 


llu 


nI,(L) 

Ao 



tiRxR"*) 


<C3. 
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Proposition 17.21 is then an immediate consequence of applying Proposition 17.41 Ci many times. 
We note that there exists dn > 0 depending only on Ecrit such that choosing < du in each step, 
Proposition |7]4] can be applied. Since Ci = C\{E(.rit) this results in a bound 

||('^Ao’‘^Ao)|l5l(RxR'‘) - 

□ 


Proof of Proposition \7.4\ We proceed in several steps. 


Step 1. The assumed bound on ^^)|Is 

frequencies, 


Ik'^^'^Ao ^IIShRxR-*) 

This will follow once we can show that in fact 


>(RxR‘*) exponential decay for large 

< for k > ^L-i. 




Ao 


,Pk4> 


«1,(L-1)0| 

Ao ^IIsHRxR'*) 


^ c 


.(L-l) 


where ^ sufficiently flat frequency envelope covering the initial data 

at time t = 0. This in turn is a consequence of Proposition 14.21 whose proof will be given in Subsec¬ 
tion |T4l 

Step 2. Localizing suitable space-time slices. In order to ensure that we can 

induct on perturbations of size ~ eq that are not “too small” (such as the di), we have to make sure 
that the S ^ norms of l^rgc. To simplify the notation, we label these 

components by (A, f) for the rest of this step. The idea is to localize to suitable space-time slices 
I X R^, whose number may be very large (depending on ||(A, 0 )|| 51 (rxR'*) Ecrit), but such that we 
have on each slice 

11(^5 0)ll5 '(/xR'*) < C{Ecrit), 
where the function C(-) grows at most polynomially. 


Proposition 7.5. There exist N = A^(||(A, 0)||5 1(rxr4), Ecrit) many time intervals f,... ,In partition¬ 
ing the time axis R such that we have for n = ,N a decomposition (referring to the spatial 
components of the connection form simply by A) 


(■7 5) ^1^ _ j^nonlin,(I„) |^^/ree,(/„) _ q 

where and are in Coulomb gauge and satisfy 


(7.6) 

(7.7) 


< E 


|y AfreeXIdW 

IIl“L|(RxR4) 

\\ Anonlin,{In)\\ ^ i 

Ir lhisi(/„xRA ^ 


1/2 


Moreover, we have for n = 1,... ,77 that 


(7-8) ll‘/’lls*(/„xR'*) ~ C{Ecrit), 

where C(-) grows at most polynomially. 

Proof. We first define precisely the decompositions A = a7''“ -i- using. The 

nonlinear structure inherent in A”"”^'” will be pivotal for controlling the equation for f. For a time 
interval / c R, say of the form 7 = [to, ti] for some t^ < t\, we define for / = 1,..., 4, 

^nonlinXI) _ ^ - XliA\(P\\ 


(7.9) 


64 


CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


'whexexi is a smooth cutoff to the interval I and denotes multiplication by the Fourier symbol. 
Then we define to be the free wave with initial data at time to given by A[to] - [to]- 

By construction, we then have 

^ ^ XfreeXI) + on / X 


We now describe how to partition the time axis into N - A^(||(A,0)||5i,£'c„7) many suitable time 
intervals so that the bounds (17.6b - (17.8b hold on each such interval. For this, we first need the 
following technical lemma. 

Lemma 7.6. Given e > 0, there exist M = M(||(A, 0 )|| 51 (]^xr 4 )> £) many time intervals I\,.. .,Im 
partitioning the time axis R such that for m - 1,..., M and i - 1,..., 4, 


(7.10) 




^ £ 


and 


(7.11) 


\\'Pi{(Xi,„(l>)-^x(Xi„r(f>)-XiJA\(f>\m 1 


^ £■ 


In particular, it then holds that 

(7.12) IIV,,a; 

(7.13) ||V,,A 

(7.14) ||a; 


/ree,(/„)|| 




nonlin,{I,n)\ 


IIL“L' 


nonlin,{hn)\\ 


lh‘S>(/mXRA 


< E^'l + e, 

~ crit ’ 

^ £, 

^ £■ 


Proof We begin with the quadratic interaction term in (17.10b and show that the time axis R can be 
partitioned into Mi = Mi (||(A, 0 )|| 51 , e) many intervals so that on each such interval 7, it holds that 


(7.15) 


□ ^PkQj'Pi{(xif)-'^x(xif)) 


^ £■ 


k j 

To this end we exploit that there is an inherent null form in the above expression 


where 

Nir{(p,llj) = (difXdrll/) - (drfXdnl/). 

We first prove that on suitable intervals 7, 

(7.16) Z Z ll’» D-^PkQjA-'rNir{Q<j-c(Xif)M<j-c(Xif))\\L^^^^^^ ^ e. 

k j<k+C 

By a Littlewood-Paley trichotomy we may reduce to the case where both inputs are at frequency 
~ 2^. The singular operator costs 2~P^, so we need to recover the factor 2“T From the null 
form we gain 2^, while the inclusion QjL^Ll PT^x gains another 25. Finally, we obtain 
a small power in y - ^ from the improved Bernstein estimate PkQjL^Ll ^ 2'i^26p ~^'>(by 
interpolating with the version of the Strichartz estimate PkQjLjL^ 2^^2^P~^^L^L^) and that 
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Lf L® • > L^Ll- Thus, we find 

2] 2] p,,,a-^PkQA-'^’'Nir{Q<j-c(xi<Pk),Q<j-cixi^^^^^^ 

k j<k+C 


and smallness follows from divisibility of the L^(R x R'*) norm. Next, we show that on suitable 
intervals 7, it holds that 

(7.17) ^ ^ PkQj^ ^ ~ 

k j>k-¥C 

By a Littlewood-Paley trichotomy we may again reduce to the case where both inputs are at fre¬ 
quency ~ 2^. Then we obtain, using the Bernstein inequality both in time and space, that 

1 /2 

k j>k+C k 


and smallness follows from the divisibility of the L^L^(R x R'*) norm. In view of (17.161 ) and (17.171 ). 
in order to finish the proof of (17.151 ) we may assume that one of the two inputs has the leading 
modulation. It therefore suffices to show that on suitable intervals 7 we have bounds of the form 


(7.18) 


2 ||v,,n-iR,(2<,-cA-'V'-Mr(<2;(T/<^), Q<j-c(Xi<P)) 
Ki 


where we use the convention □ ^PkQ<j-c = Yji<j-c ^PkQi- Using that 

^ rsin((I-.)|V|) 

(□ PkQ<j-cF){t, = - 

it is enough to show 


{PkQ<j-cF){s,-)ds, 


2] \PkQ<j-c^-'^’'Nir{Qj{xi<P), Q<j-c(xi4>)) 


kJ 


^ £■ 


By estimate (143) in Il22ll we may reduce to the case where j = k + 0(1) and both inputs are at 
frequency ~ 2^. Then we find 


^ ||7’A:2<^-cA ^'^'^NiriQk(Xl4>k),Q<k-c(Xl4>k)) ^1^2 ~ °'2^ 


< 




2\1/2 


and smallness follows by divisibility. Next, we consider the cubic term in (17.101) . Here we have to 
prove that on suitable intervals 7 it holds that 


(7.19) 


□ ^PkQj'PiixiM(l>\^) 

k j 


L^LliRxR*) 


^ £■ 


By similar arguments as above, this reduces to showing 

k 
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which follows from estimate (64) in 1221 and a divisibility argument. We note that the bound (17.101) 
implies that the estimates (17.121) and (17.131) hold on each such interval /. 


It remains to choose the intervals so that the bound (17.111) also holds. The energy estimate 
for the St and spaces together with the bounds (17.101) and (17.111) then also imply the bound 
(17.141) . We pick Mi(||(A,0)||5i,e) many time intervals Im, m = 1,... ,Mi, on which the bound 
(17.101) already holds. We show that, if necessary, each time interval I,„ can be subdivided into 
M 2 = M 2 (||(A, <;(')|| 5 i, s) many intervals /^a, a - 1,, M 2 , such that we have 


(7.20) 




(riAnriL^A,.- 


^ s. 


For the rest of the proof of (17.201) we denote an interval just by I and say that it is of the form 

I = [toAll for some < t\. We only outline how to make the left hand side of (17.201) small in 

_ 1 

for suitable intervals I, the component being easier. We first estimate the quadratic 

interaction term in (17.201) . 


2] |h((T/0) • VxOf/0))L, ^ Z ||^/tA-'V'-)V,>(T/0,A/0)L,- 

k k 


By (131) in Il22l . it suffices to consider the case where both inputs are at frequency ~ 2* and have 
angular separation ~ 1 in Fourier space, 

(V.21) 2] \\PtA-^rNir(xi<Pk,Xih)%,- 

k 


Here, the prime indicates the angular separation. We split into high and low modulation output. 

Z Nir(Xl‘Pk,Xl^k)'\i.^i^ ^ Z \^kQ>k-cA~^'^’'Nir{Xl(l>k,Xl‘t>k)'\},ii^ 

k k 

+ Z \\PkQ<k-cA~^VNir(Xl<Pk,Xl<Pky\\Ni^- 

k 


The term with high modulation output is estimated by 

Y}PkQ>k-cA-^^’-Nir{xikpk,xil>k)X^ ^ Z 

x2\F2 

k 


< 




and can be made small on suitable intervals I using the divisibility of the quantity 

k 

For the term with low modulation output we note that the angular separation of the inputs allows us 
to write schematically 

PkQ<k-cA ^VNir(xi4’k,Xi(t>k)' - PkQ<k-cA^'^yNir{Q>k-c(Xi4>k),Xi4>ky 

+ PkQ<k-cA~^'V''Nir{Q<k-c(Xl(l>k), Q>k-c(Xl<t>k))'■ 


























CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


67 


Then we estimate 

Nir{Q>k-c(Xl‘Pk),Xl‘Pk)%N,. ~ Xi 

k k 

k 

and similarly for the other term. Smallness follows as before by divisibility. The cubic interaction 
term in (17.201) is much simpler to treat, it can be made small on suitable intervals 1 using estimate 

(64) from Il22l and divisibility of the norm. □ 

It remains to prove that the bound (17.81) in the statement of Proposition 17.51 holds. For £ > 0 to 
be fixed sufficiently small further below, depending only on the size of ||(A,0)||5i and Ecrit, there 
exist M(||(A,(/')||si,e) many intervals I,„, m = I,... ,M, partitioning the time axis R on which the 
conclusion of Lemma lT^ holds. We pick such an interval Im and now show that, if necessary, it can 
be subdivided into M3(||(A, (/')||si, Ecrit) many intervals I,„a, a = 1, ■ ■ ■, M3, such that 

ll^llshtmaXR"^) ^ C{Ecrit), 

where C(-) grows at most polynomially. Upon renumbering the intervals I,„a, we will then have 
finished fhe proof of Proposition 17.51 

For the remainder of the proof, we denote an interval Ima just by I and assume that it is of the 
form I - [foUi] for some to < h- From the equation = 0 and the decomposition A\j = 
^free,{i) + ^nonim,(i) provided by Lemma IT6l we conclude that on / x R^ it holds that 

0 = -2/ y + liAodtcp + KdtAo)cP + AcrA"4> 

(7.22) k 

= All + Af2, 


where we use the notation 

+ 2iY,{P<k-cAf'’'''’)Pkd^4>, 

k 

Ml = -2/2](P>i_cAf"'^’(^yi5V - + 2/Ao5,0, 

k 

Ml = i{dtAo)(p + A„A"0. 

We further split the term Afi into 

Adi = 2] N{P>k-cAP‘^''^^\ Pk(t>) + (f) + Mo(Ao, 0). 

k 

Since and are in Coulomb gauge, we observe that the terms N{P>k-cA^'^‘‘‘^'P^, Pk(f>) 

and js[{^i\nonim,{i) ^ exhibit a null structure, 

yV(P>,-cA^'-“’«,P,0) = -2/2]M;>(A-1 v,P>,_cA{""’^'\p,0), 

,/> 
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We emphasize that the right hand side of (17.221) is defined on the whole space-time, but which only 
coincides with on / x Using the linear estimate (13.31) for the magnetic wave operator 

working with suitable Schwartz extensions, we obtain that 


~ ll^6x0(to)llL2 + |lu/(>^i + ^2)|| 




< Er 


+ 


\\xi{M, + 7 ^ 2)11 




We note that by Theorem 13.11 the implicit constant in the above estimate for the magnetic wave 
operator depends polynomially on ||Vf and we have by 

Lemma 17^ In order to prove the bound (17.81) . it therefore suffices to show that we can choose the 
intervals 1 such that 


IIaii -I- AI 2 II -1 

" 'wnriL2A^2(/xR4) 


< Er 


Our general strategy to achieve this consists in first using the off-diagonal decay in the multilinear 
estimates from Il22l to reduce to a situation in which a suitable divisibility argument works. 


We only outline how to obtain smallness of the term Afi in N{1 x R^), the estimate of AIi in 
.-i .-i 

^ and of Af 2 in 77 n ^ being easier. We begin with the first term in the definition of 

Ml, 

k 

From the estimate (131) in 1221 . we conclude that it suffices fo bound the expression 
{123) 

h 


where k 2 = = ki + 0(1) and both inputs have angular separation ~ 1. Similarly to the estimate 

of (17.211) . we bound this term by 


k 



and a divisibility argument then yields smallness. To deal with the other two terms in Ali, we need 
to achieve 

^ Ecrit 

on suitable intervals /. To this end we will make similar reductions as in Section 4 of |[22l . peeling 
off the “good parts” of 77(A”'’”^'”’’^^\ 0) and of Afo(Ao,0) until we are left with three quadrilinear 
null form bounds. 

We introduce the expressions 

^lowhi(^^nonlinXI) 77(R<^_cA"'’"''”’(^), R^<^) 
k 

and 

k k'<k-C j<k'+C 

By estimate (53) in Il22l . we have 

(7.24) _ ^lowhi(^j^nonUn,{I)^ ||^ ^ 
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and by estimate (54) in f22\ . it holds that 

(7.25) 11 ^ 15 . 1101151 . 

Fixing e > 0 sufficiently small, depending only on the size of ||(A, 0 )|| 5 i and Ecrit, Lemma 17^ 
ensures that 11^151 is small enough so that the right hand sides of (17.241) and (17.251) are 

bounded by Ecru- We now define 

‘HA^oniinm 2] 2] □-'7’ite;Im^i((2<;-c(L/0)i.)-V.(2<y-c(L/0fe))- 

k\,k2,k j<k+C 
/:<niin{/:i ,k 2 ]-C 


By estimate (55) in ll22]| it holds that 

j^lowhi^j^nonlin,{I) _ jinonlin,(I) ^ ||^no«/m,(/) _ ,^^«on/m,(/)|| ||^||^j 

SO we have to make _ <j-ij^noniin,(i)]^^ small. We recall the definition of the Z space, 

UWz = 2 I|7’it0lk, II0III, = supj] 2'||p;^a+2;0ll^.i„. 


Using estimate (134) in 112211 and that one obtains an extra gain for very negative I when estimating 
in the Z space, we are reduced to bounding 


^PkQk+0(l)A ^'^xN{Xl^k,Xl(t>k)- 
k 


We easily find that 

1 /2 

X PkQk+o(\)E~^'^xN{xi^k,Xi‘Pk%jij« \ II0II5U 

which can be made small by a divisibility argument. We are thus left with the term 


Carrying out similar reductions as in Section 4 of Il22]| for the “elliptic term” Nq{Aq, 0 ), we arrive 
at the key remaining term 

El* N'°'^^\l-lAf,(!)), 

where 

El*Nl"'''’^\ElAf,<!>) = Y, Y Z Q<J-c^oiQjPk'9{A^o^,Q<j-cPk<l>) 

k k'<k-C j<k'+C 

and 

"KAf^-xi Y Y 

k{,k2,k j^k+C 
k<mm{ky,k2]—C 

As in |[22]| . we combine the “hyperbolic term” <}{*j\[towhi^ri^^nonim,(i)^ preceding “elliptic 

term” EI*Nq"'^^‘{EIA^Y 0) wind up with the null forms (61) - (63) in Il22l . We formulate these 
as quadrilinear expressions as in ll 22 ]l and then prove that smallness can be achieved for each of 
these. 
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First null form ((61) in y|22l/ ). By estimate (148) in If22]| . it suffices to consider the following two 
cases. First, we show that 

z z |(n ^PkQj{Q<j-c(xifki) ■ daQ<j-c(xifk2))^PkQj{d°‘Q<j-cfh ■ Q<j-C>PkJ)\ 
k ki=k2+0(i) 

where k\ > k + C, j - k + 0{\) and kj, - k/^ + 0(1) = k + 0(1). Second, we prove that 

z z |(D ^PkQj{Q<j-c(Xlfki) ■ daQ<j-c(Xl<Pk2))^PkQj{d“Q<j-C(l>k2 ■ Q<j-C^k4))\ 

k ki=k^-¥0{\) 

where k^>k + C,j = k + 0(1) and k\ - k 2 + 0(1) = k + 0(1). 

We begin with the first case. Here, the inputs Q<j-ciXi4>k[) and dciQ<j-ciXifk 2 ) have Fourier 
supports in identical (or opposite) angular sectors o) of size ~ . Then we bound 

z z |(n ^PkQk+o{i){Q<k-c(xi 4 >ki) ■ daQ<k-cixifki+o(\))), 

k ki>k+0{\) 

PkQk+Oiltid^^Q<k-cfk+0(l) ■ Q<k-C^k+0(\:)))\ 

k ki>k+ 0 (l) ' oj 

X 2~'6^\fl,^xfk+0(l)\^i6\Wk+0(l)\\v^Ll 
\ 

< (Z sup Z2^'^1|^^e<^,+^-c(T/<^^,)|lZ5)'ll0ll5lll«Alk•. 




\P^Q<k-c'^ t,xix if k 2 


LTLi 


X 


The desired smallness comes from the divisibility of the quantity 


(Z Z 2 ^*‘ll^r 2 <^i+/-c(T/ 0 -ti 



To see the divisibility, we write 


(7.26) Pf Q<ki+i-c(xi4>ki) = P‘tiQ<ki+i-cik:iPT Q<ki+i+M<Pki) + Pf Q<ki+i-c(xiQ>ki+i+M4>ki) 

2^ 


for some M > 0 to be chosen sufficiently large. By disposability of the operator P‘f Q<ki+i-c^ we 
estimate the first term on the right hand side of (I7.26I) by 


(Z ^'^p Z ll■^i/ 2 <*l+/-c(T/■f’^ 2 <h+/+M 0 <:i)|lZ() ~ (Z ^^p Z Q<ki+i+Mfki 11^2^6 

and smallness can be forced by divisibility of the quantity 

_1 

ki OJ 

For the second term on the right hand side of (17.261) . we use 

Pf Q<ki+i-c(xiQ>ki+i+M4>ki) = PtQ<ki+i-ciQ>ki+i+fO(:i)Q>ki+i+M(t>ki)- 
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By Bernstein’s inequality in space and in time, we then have 

11 2<t:i +/-C ( 2>^l +/+ “ Cr/) 2>t:i +/+M ) 11 ^2 ^6 

< 25^‘2'2-T \\P‘^Q^k,^i^M(Ph 112,2. 

II 111-.^ 

Thus, we obtain 


(V sup 'y^ 23 ^* ||p^ Q<ki+i-c{Q>k, +i+^(Xi)Q>h+i+M<Pki 



< 2 





and a smallness factor follows for sufficiently large M > 0. 
The second case is easier to treat. Here we estimate 


Z Z l<°- ^.Pt:2i:+0(l)(2<<:-c(T/<^i:+0(l)) ' daQ<k-c(Xl^k+0(\))), 

k ki>k+0(\) 

PkQk+0{r)id“Q<k-c4>k3 • Q<k-C^k3+Oil)))\ 
<y y 2-5^|lA^/V^0^+o(i)||i2^»2-5^||V,,^(;y70^+O(i))||^2^„x 


k k3>k+0{l) 


< 


X ||2<A:-cV,,x0/t3||7^~7^2 ||2<A:-C<Ai:3+0(l)| 
I 

(Z(2-’1kV,A.o,i,Lj,.f)’l|.?ll^ll(HI». 


and immediately obtain smallness by divisibility. 


Second null form ((62) in Ii22\l ). By the estimates (149) and (150) in Il22l . we only have to show 
that 

z z |((□A) PkQjdtda{Q<j-c(Xifki) ■ d“Q<j-c(xi<Pk2))^PkQj{dtQ<j-cfk3 ' Q<j-c^k4))\ 

k k3=k4+0(l) 

^ II<AIIn*’ 



72 


CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


where j - k + 0(1), ki = k 2 + 0(1) - k + 0(1) and k^ > k + C. Then we estimate 
|<(□A) ^PkQk+o{i)dtdaiQ<k-cO(:i<Pk+o{r)) ■ 9°"Q^k-ciXi^Pk+oii))), 

k k2>k+C 

PkQk+o(\){dtQ<k-c4>ki ■ Q<k-c*l^ki+o(\)))\ 

^ ^ ^ PkQk+ 0 (\)dtda{Q<k-c(Xl<Pk+ 0 (\)) ■ 9“Q<k-c(xi(l>k+ 0 {\)))\i^lu«'>^ 

k k3>k+C 


X \\PkQk+oii){9tQ<k-c(f>ki ■ Q<k-c^k3+o{i))\\i^oc^i 

Z 2H*||v x(Xl4>k+0{r))\\ 121^^2 2^||V;c(;t'/0j.+o(i))||^2^„||5r0;(:3||^»^2||l/^^3+o(i)||^»^2 

k k2>k+C 

.(Z(-"l|v x(T/0/t+o(i))||i2^j.) j ll^ll^illfAlk* 


and smallness follows by divisibility. 

Third null form ((63) in y[22l/). By the estimates (152) - (154) in |[22]| . it suffices to consider the 
following two cases. First, we show that 

Z Z |((□A) ^PkQj9‘{Q<j-ciXifki) ■ 9iQ<j-c(xi‘Pk2)), PkQj9a{9°‘Q<j-c(t>k 3 ■ Q<j-c^kJ)\ 

k ki=k2+0{l) 

^ II<AIIau 

where k\ > k + C, j - k + 0{\) and kj, - k/^ + 0{\) = k + 0(1). Second, we prove that 

Z Z |((□A) ^PkQj9\Q<j-c(Xi‘Pki) ■ 9iQ<j-c(xifk2))^PkQj9a{9°‘Q<j-c(t>k3 ■ Q<j-c^kJ)\ 

k k3=k^+0{l) 


where k 2 >k + C,j-k + 0(1) and ki = k 2 + 0(1) = k + 0(1). 

In the first case we note that the first two inputs have Fourier supports in identical (or opposite) 
angular sectors oj of size ~ . Using Bernstein’s inequality, we then place the first input in LfP^, 

the second one in LfL^, the third one in L^Lf and the fourth one in LfL^. As in the first case of 
the first null form we obtain the desired smallness by divisibility of the quantity 



I 

l^\PrQ<k,^i-ciXifkf)%^^". 


The second case is easier to deal with and we omit the details. 


□ 


Step 3. Solution of perturbative problems on suitable space-time slices. This is the crucial technical 
step. We write 

Of'Z’.C") = + {SA"-KS4f‘-'). 

Then we obtain the following system of equations for the perturbations (dA^^\ 

(7.27) 




(7.28) 




• Vx0Ao + 9(t> 


+ 




,(U| 


-A' 


nI,(L-I)|^nI,(Z.-I)|2 


Ao 


Ao 


)■ 
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We have to show that if the initial data are less than the absolute constant eo in the 

energy sense, then we can prove frequency localized S ^ norm bounds via bootstrap on any space- 
time slice on which certain “divisible” norms of (A^hit--i) small. Furthermore, the 

number of such space-time slices needed to fill all of space-time depends on the a priori assumed 
S ^ norm bounds for the components ^^)- 

One technical difficulty is the formulation of the correct frequency localized S ^ norm bound 
for the propagation of because there is a contribution from low frequencies of and 

similarly for . However, this low frequency contribution can be made arbitrarily small by 
picking n large and 5\ small enough. 

We note that while exists globally in time, {6A^^\ only exists locally 

in time and we will have to prove global existence and 5^ norm bounds for it. For now, any 
statement we make about {6A^^\ is meant locally in time on some interval /q around f = 0 . 
Proposition 17. 5 [ yields a partition of the time axis 1. into N = 0a/^~^^)IIs‘(RxR'*)) many 

time intervals {^ 7)^1 ^ on which the smallness conclusions (in terms of Ecrit) of Proposition |73]hold. 
We tacitly assume that these intervals are intersected with /q and now fix the interval /i, which we 
assume to contain t = 0. All the arguments in this step can be carried out for any of the later 
intervals I2,In- 


Bootstrap assumptions : Suppose that there exist decompositions 

+ 6Af, 

satisfying the following bounds. 

(i) Let be a frequency envelope controlling the data P 7 :dA^^^[ 0 ] at time t - 0 and 

let be a frequency envelope that decays exponentially for k > bi but is otherwise not 

localized and satisfies the smallness condition 

k 


Then we assume that for all k e 


,(L 

6A,V 


Li(/ixR4) - 




where C = C{Ecrit) is sufficiently large. 

(ii) Let be a frequency envelope controlling the data at time f = 0 and let 

be a frequency envelope that decays exponentially for k > bi, but is otherwise not localized 
and satisfies the smallness condition 

k 


Then we assume that for all k eZ, 


II^^‘^^®1Is‘(/ixR4) - ^ 44 ®’ 


where C = C{Ecrit) is sufficiently large. 
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We now show that we can improve this to a similar decomposition with 

llsi(/ixR'') - ' 2 ^SA,V 
IIs1(/ixR4) - 

(7.29) ^ J 

||5l(/jxR4) - ‘2*'^^’ 

lIslC/ixR't) - ' 2 ‘^ 6 <l>,k’ 

provided we make the additional assumption 

62 ^ ^3 

with implied constant depending only on Kent- 
Observe that we have 

+(4Si)^ ^ 

k 

and that our smallness parameters satisfy 

di d2 da <s eo- 

For the remainder of this step we simply write 1 = h and 0 = S(p = 6 (p^^\ A = 

dA = dA(^). 

Step 3a. Reorganizing the key equation (17.271) . We introduce the connection form (A + 
analogously to (17.91 ) by setting for / = 1,..., 4, 

(7.30) (A + dA)f ---XiY, ^'PkQjriixM + 50) • + m-XiKA + dA)|0 + S4>f), 

kj 

and define (A + dA)^"*^’^) as the free wave with initial data at time f = 0 given by 
(A + dA)^"'^’^^^[0] = (A + dA)[0] - (A + dA)'’'’”''”’(^^[0]. 

Then we have 

(A + dA)|/ = (A + dA)-^'''^''’^^^ + (A + 

On 7 X we may rewrite the equation (17.271) for 6 (p into the following frequency localized form 

- Po(2i 2] P>k-ciA + dA)f^‘^’^^^Ptdj 6 <f>) 

k 

3^^ - Po(2/(A + dA)”"”''"’(^)d^d0 - 2/(A + dA)od,d0) 

- Po{2i{SA)jd^(f> - 2i{6A)odt(f>) 

+ Po[i{dtAo + d, 6 Ao){(f> + 6 (f)) - i{d,Ao)(f>) 

+ Po((A + dA)„(A + dA)“0 - A„A“0). 

We immediately see that compared to (17.221) . a qualitatively new feature in (17.311) is the interaction 
term 


( 7 . 32 ) 


Po(i6A)jdj(P - i6A)odt(P) 
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Step 3b. Improving the bounds for using (I7.31I ). In order to obtain bounds on the S ^ (/ x R^) 
norm of Po6f by bootstrap, we work with suitable Schwartz extensions and use the linear estimate 
(13.31 ) for the magnetic wave operator consider the new interaction term (I7.32I ). 

As usual the main difficulty comes from the low-high interactions, so we begin with this case, i.e. 
the term 

R<o(M)^Po5V - P<o{6A)oPodtcl>. 

For the spatial components of 6A, we define 

(( 5 y^)/«e,(/) ^ gj^yree,{I) _ j^freeXI) ^^j^yonlinXl) ^j^yonIin,(I) _ j^nonlin,(I) 

and correspondingly have on / x R'^ that 

(M)|/ = 

We can therefore split on 7 x R^, 

R<o(M)yPo5V - P<o(M)f + P<o(M)™”"”’^^^Po5V. 

The first term on the right hand side can in turn be split into two contributions 
(7.33) P<o(M)f - P<o(dA)f"'^‘’^^^Po5V + P<o(M)f 

where j^e free evolution of the data (dA)‘^^^[0], while is the free wave with 

data 

(2] u^PuQjPixM + <50) • ^xixM + m -XiKA + (5A)|0 + (50|2))[O], 

kj 

- (2] o-^PkQjriixif) ■ ^xixif) -t//a|0|2))[O]. 

kj 

In order to estimate the terms on the right hand side of (17.331 ). we will invoke the following estimate 
from ll22]l for a free wave in Coulomb gauge for k\ <k 2 - C, 

(734) \\p,,A‘p‘p,,d-4„ < ||n.A/'-“||^,||n.^||^, < ||n.A<''"[0]||g,,<,.||PfcHL.- 

We begin with the first term on the right hand side of (17.331) . 

P<o((5A)f"'^‘’^^^Po550. 

Here we have to take advantage of the properties of the Fourier support of the data P<o(dA)y'^^'^‘’^^^[0]. 
It suffices to assume that 

||Pi(<5A)f“‘[0]||^,^^2 < C{csA,k + dsA,k) 

for C = C{Ecrit) sufficiently large. This is an assumption that will hold inductively at later initial 
times (for the intervals /a,... ,In)- We observe that the frequency envelope [csA,k]ke'z “sharply 
localized” to the dyadic frequency interval [aj^, bi\ in the sense that it is exponentially decaying for 
k < at and k > bi. By (17.341) we then have 

p<«(m>r'"'p^^4N.v,n s Z C5A,/:||Po0||5i(/xR4) + ^‘^5^4||-f’o0||si(/xR4)- 

k<0 k<0 


(7.35) 
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+ ^ C5A,A:||-Po0||5i 


ai-R<k<ai+R 




We begin to estimate the first term on the right hand side of (17.351) . where we only consider the case 
when ai^ < 0. For /? > 0 to be chosen sufficiently large later on, we split 

(/xR't) “ Z 

(1 TAt k<aL-R 

(7.36) 

ai-\-R<k<0 

To make the first term on the right hand side of (17.361) small, we use the exponential decay of the 
frequency envelope [csA,k]kez bound 

^ ^ 2“°'^I|Po0IIsI(7xR4)- 

k<ai-R k<ai-R 

Upon replacing the output frequency 0 by general Z e Z, square summing over I and choosing 
7? > 0 sufficiently large, we bound the preceding by ^3’ desired. In order to make the 

third term on the right hand side of (17.361) small, we exploit that by Step 1 the S ' norms of Picf) are 
exponentially decaying beyond the scale I > ai. We have 

(I«lI - 

af\-R<k<0 

where {c/}tez is a sufficiently flat frequency envelope covering the initial data 

as in Step 1. Then replacing the frequency 0 in Pocp by a general dyadic frequency I > ai + R, 

square summing over I and choosing /? > 0 sufficiently large, we find 

2 


l>ai^-\-R ci£^+R<k<I 


(/xR4) ~Pr„ Y Rfc] <E,^, 2 <^E„i, ^3, 

l>(ii^+R 

which is acceptabie. It remains to make the second term on the right hand side of (17.361 ) small. 
To this end we exploit the frequency evacuation property of the data at the edges of the 

frequency intervals [ue, bi] that we established in Lemma 1731 For sufficiently small di > 0 and all 
sufficiently large n, we then have 

Y ^ ^'^l||'Po<^||5q;xR4) « 

ai-R<k<ai+R 

Upon replacing the frequency 0 in Pq^ by an arbitrary dyadic frequency Z e Z and square summing, 
we obtain the desired smallness ^E„i, <^3 for fh® estimate. 

The contribution of the second term on the right hand side of (17.351) is acceptable, because, upon 
replacing the output frequency 0 by Z € Z, square summing and using the bootstrap assumptions on 
the interval I, we obtain the bound 


HZ' 


2\5 

|6?M,4'P/'^|l5i(/xR4) I 

I k<l 

where the implied constant in <E„i, depends at most polynomially on Ecnt- 
Next, we estimate the second term on the right hand side of (17.331 ). 


P<o(M) 


Jree2,(I) 


Pod^cp. 


By (17.341) we have 


(7.37) 


/’<o(<5A) 


free2,(I) 


Pod^4 


Ao(/xR 4) ~ ||'f’<o(<5A)f 1 Lis1(/xR4)II'^0^L‘ 
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We illustrate how to obtain the desired smallness in this case by assuming for simplicity that 
is just the free evolution of the data 

ZZ 

k<0 i 

If 6(p - we obtain by similar estimates as in the proof of Lemma IThl that 

k<0 


Then we achieve the desired smallness for 


ll'^<o(^'^); -Ecrit C<50,<:||-Po0|[>;1|-/xr4i 

k<Q 

by proceeding exactly as with the term (I7.36I) . If instead S(p - {Scf))®, we find 


^<o(<5A) 


free 2 ,(I) 


Po^Vll 


No(IyM^) 


< 


IMIs‘(Z‘ 


||Po0|| 


S'ilxR*) 



'(ixR*y 


Upon replacing the output frequency 0 by Z € Z, square summing and using that II^IIsq/xR^) ^ 
C{Ecrit) by the choice of the interval I, we obtain the bound <E^rit This is unfortunately not yet 
enough to close the bootstrap. To gain the extra smallness we partition the interval I further and use 
divisibility arguments as in the proof of Lemma 17^ However, the number of intervals needed for 
this partition depends only on Ecru (and not on the stage of the induction), which is acceptable. 


This finishes the estimate of the contribution of 

and we now have to bound 

- P<o(dA)oPo5r0||^^(;^R4)- 

At this point we can proceed by analogy to the treatment of the cp equation in the proof of Propo¬ 
sition 1731 After a further partitioning of the interval I and similar divisibility arguments, we can 
replace the output frequency 0 by Z e Z and upon square summing, we obtain a bound of the desired 
form ds- 

The remaining frequency interactions in the estimate of the term (17.321) as well as all other terms 
on the right hand side of (17.311) are easier to control. We omit the details. 

Step 3c. Improving the bounds for 5A using (17.281) . In order to deduce S '(/ x 1.'^) norm bounds on 
PqSA from the perturbation equation (17.281) by bootstrap, we perform the same kind of divisibility 
arguments as in the proof of estimate (17.111) in Lemma 173] for the terms linear in 6(p or 6A. 


Step 4. Repetition of the bootstrap on suitable space-time slices; proof that the energy of pertur¬ 
bation remains small. In this final step we show that the crucial assumption on the energy of the 
perturbation 

E{6A^^\ < £0 

remains in tact along the evolution up to a very small correction. We recall that 


5A^^^ = 

Ao 


inl,(L-I) 

^Ao 


C .(L) ,1 

-(Pao - ^ 


n\,{L-l) 
Wo • 
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Lemma 7.7. Assuming the bounds (17.291 ) on the evolution of(6A^^\ on Ii x we have for 
sufficiently small > 0 and all sufficiently large n that 

E{6A^^\ 6(p^^^){t) < £0 for tef. 


Proof By energy conservation for the evolutions of {A"j^’^^\ 
suffices to show that 


) and of {A 


nI,(L-I) ,nI,(L-I) 


Ao 


A 


Ao 


0, it 




can be made arbitrarily small uniformly for all f € /i by choosing di > 0 sufficiently small and n 
sufficiently large. This reduces to bounding the following expression evaluated at any time t € /i, 




Ao,a 


+ 




"Ao 




"Ao ' ‘"''Ao.Q' "^Ao Ao,® 

.nl.(E-I) 


We note that in this expression at least one term of the form or is paired against 

at least one term of the form 5A^^^ or By Plancherel’s theorem (and a Littlewood-Paley 

trichotomy to deal with the multilinear interactions), we reduce to estimating a sum of the form 


2 Z Z X PkididAf) dx + ... 


i<] 

By the bounds (17.291 ) and Step 1, we estimate this by 


+ ... 


Z' 

keZ 


.(L-1)/ ID 


( c''^^ + d^P^ ) + 

k'-dA,k ^ ‘^dA,k> ^ ■ 


To see that this expression can be made arbitrarily small, we split 

Y (L-I) (L) _ Y lL-\) (L) Y A^-DA^) 

/ i ^k ^6A,k ~ /_i k ^6A,k Z_j 


^'k '^'dfk 




A^-i)A^) 

“t: '^SAX 


keZ k<ai-R ai^—R<k<ai+R k>ai+R 

The first term can be made arbitrarily small for sufficiently large /? > 0 by the exponential decay 


,(i) 

6A,klkeZ 


beyond [aiffii]. Similarly, we achieve smallness for the third 


of the frequency envelope {c| 

term for sufficiently large /? > 0 by the exponential decay of k > ai established in 

Step 1. Finally, we gain smallness for the second term for all sufficiently large n from the frequency 
evacuation property in Lemma 1731 Moreover, we have by (17.291) that 


Z «£», '52(«i) « 1 . 


keZ 
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We now summarize how the previous steps yield the proof of Proposition 17.41 In order to derive 
norm bounds on the evolutions we first use Proposition 17.51 from Step 2 to 

partition the time axis 1 . into N = ‘i^Ao^'^^llshRxR'*)) intervals Ii,... ,1^, 

on which certain “divisible norms” of are small in terms of Ecrit- Let /] be the 

time interval containing t = 0. By construction of the frequency intervals 7 l, 1 < L < Ci, the 
energy of the perturbation 




4 « 1 ,(L- 1 ) ,« 1 ,(L) 
'^Ao ’ ^Ao 


- (P 


« 1 ,(L- 1 ) 

Ao 


)[ 0 ] 


at time f = 0 is less than the absolute constant eo- Thus, we can prove frequency localized S ^ norm 
bounds for {6A^^\ on /i x by bootstrap as in Step 3. Crucially, Lemma 17^ from Step 4 
ensures that the energy of the perturbation t € I\, is approximately conserved on 

the time interval I\, up to a very small error term that is controlled by the size of di. Hence, we can 
ensure that at the starting points of all later (or earlier) time intervals h, ■■■, In ^ the energy of the 
perturbation is still less than the absolute constant sq by choosing di sufficiently small depending 
on the number N of “divisibility intervals”, which is bounded by the size of 


llu 


Ao 


>0 


Ao flLHRxR"^) 


<C 2 . 


This allows us to repeat the same bootstrap argument from Step 3 on all other time intervals 
I 2 , ■■■, In- Putting all estimates together, we then obtain the desired S ^ norm bounds 


llu 


« 1 ,(L) 

Ao 



hRxR't) 


< C3(C2), 


where the bound C 3 only depends on the size of C 2 . 


□ 


7.4. Interlude: Proofs of Proposition l4.3l Proposition l5.ll Proposition l5.13l and Proposition 16. II 

Proof of Proposition 14.31 Let E denote the conserved energy of the admissible solution 
Analogously to the proof of Proposition 17.51 we can partition the time interval (-To, Ti) into 
N = A^(||(A,^)||si((_rg rj)xR 4 )) many intervals I such that 

A\j = ^nonlinXI)^ ^^free,(I) _ Q 


and 


\7 


W AnonUn,iI)\\ ^ i 

Ir IbAh/xRh ’ 

PIIs‘(/xr4) ^ C{E), 


where C(-) grows at most polynomially. For each such interval /, say of the form I = [toAi] for 
some to < ti, we let {ck}kez bo a sufficiently flat frequency envelope covering the data (A,(;f>)[?o] at 
time to- Then we show that the bootstrap assumption 

II'^^"^IIs‘(/xr4) II'^^‘!^IIs‘(/xr4) - 

for D - D{E) sufficiently large, implies the improved bound 


||AA|| 

5^(/xRh 5^(/xRh - 
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We only discuss the equation for 0, because the equation for A is easier. It suffices to consider the 
case k = 0. On / x we may rewrite the equation for cp into the following frequency localized 
form 


(7.38) 




{Po4>) = -[Po, - 2/Po(2] P>k-cA^["'^'^Pkd^<p) 


■ 2iPo{A"' 


nonlin,(I) 


dj<p - AodtcP) + PoiKdrAo)<f> + A“A„(^). 


In order to close the bootstrap argument we now translate the estimates in the proof of Proposition 
17.5 1 into the language of frequency envelopes. For example, to bound the high-high interactions in 
the term 


we use estimate (131) from 112211 to obtain 

2 l|fo(A,Afs 2 


ki=k2+0(l) 

ki>0(l) 


ki=k2+0{\) 

ki>0(l) 


Sh/xR"^) 


|Pt: 20 || j 1 


(/xR-*) 


< 


Zj II lIsq/xRh *"2’ 


ki=k2+0{l) 

ki>0{l) 


Summing over all sufficiently large A:i » 1 and using the properties of frequency envelopes, we can 
bound this by 



This allows us to reduce to the case ki = k 2 + 0(1) - 0(1). Here we gain the necessary smallness 
by further partitioning the interval I (where the total number of subintervals depends only on the 
size of E), using exactly the same divisibility argument as for the term (17.231) in the proof of Propo¬ 
sition 17.51 All other terms on the right hand side of (17.381) can be treated analogously to the above 
argument. □ 


Proof of Proposition I5.il Here we are in the situation of Step 3 of the proof of Proposition 17.41 We 
obtain the bound 

l|(‘^'^,‘^^)|ls‘([-ro,7’,]xR4) ^0 

for sufficiently small do by means of a bootstrap argument performed on a finite number of space- 
time slices, whose number depends on L. We select these space-time slices as in Proposition 17.51 
The main difficulty arises from the equation for cp. As in Step 3a of the proof of Proposition 17.41 we 
localize the equation for (p to frequency 0 on a suitable space-time slice / x with 0 € /. Then, as 
in Step 3b there, the main difficulty comes from the new low-high interaction term 

P<o(dA)^Po5V - P<o{6A)oPodtcp. 

Using notation from the proof of Proposition 17.41 the worst contribution comes from 
(7.39) 

where we recall that is the free evolution of the data dA[0]. We observe that for dA^''*^'^* 

the interaction term (17.391 ) vanishes by assumption on the frequency support of dA[0] unless A' < 0. 
By our assumption on the frequency supports of the data (A, (;(')[0] and by Proposition 14.31 we obtain 
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More generally, replacing the frequency 0 by / e Z with I > K, we have 

By estimate (17.341) . we then find for / > A' that 

WlL,,,,,,, <, HV - s:| 2 --<'-n, 

where the extra factor \I - K\ arises due to the summation over the frequencies of 
But then we get the bound 

(Z WllZx*.,)’ Si •5o. 

i>K 

which gives the required smallness for this term. Then the argument proceeds as for Proposition 17 .4 1 


Proof of Proposition 15.731 We write for large R 2 > Ri > Ro 

{■^R2’^R2) - (■^Ri + + ^<P)- 


Then we analyze the equations for {6A, 6(f>). In fact, the only new feature occurs for the 50 equation 
and so we explain this here. We obtain the equation 

°/4r|+mW) + - 0 - 

Here we only retain the key difficult term that cannot be treated via a perturbative argument, us¬ 
ing suitable divisibility properties as for example done in great detail in Step 3 of the proof of 
Proposition 17 .4 1 This term is given by 

Y,P<kiSAf'-^^)jPtd^R,. 

keZ 


However, since we localize to a small time interval {-T, T] around t = 0, it will be possible to obtain 
good N norm bounds. Note that on account of the estimates in Subsection 15.11 we may assume that 

R~^oo 

for all R sufficiently large, provided that T is sufficiently small. We shall assume, as we may that 
r < 1. Then write 


(7.40) 


Y^P^k{5AP^")jPkd^^R, 

k 


k 

+ Y^P[-L^,o,RM(SAfnjPkdJhr 

k 


The last term will be estimated by taking advantage of Huygens’ principle as well as our particular 
choice of initial data, namely that (f>R^ [0] is supported on the set ||x| < ^), while 5A[0] is supported 
on {|x| > /?i) up to tails that essentially decay exponentially fast. We now estimate both terms on 
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1 SlUC ' 


the right hand 

II Xi )jPkd-’^Ri ||A?([-r, 7 ’]xR 4 ) 

k 

I 

~ (Xi ll'^< mini-i log 
k 

< sup ||/’<jj^ij,|_| logR^J)^^^ IIl”^'?’!^ ll-Pir^jr^Rl ||L“L2([-r,r]xR4) 
' k 


<R 


?||M[ 0 ]|| 

i/lxL^ll^^l Lld-T.TIxR-*) 


and so this converges to 0 as /?i 


Ri —> +CX3. For the second term we have 

^I logRi,/:]^ 

k 


< 


< 


+ 


k 

k 

\ 

(Xi lki|jc|<^|-^[-5logRi,/:](^'^'^ ^i-^^^'^^^llL/Lja-FTlxR^)) 

k 

1 

(Xi lk||x|>^|'^[- 5 logRi,<:](^'^'^ ^2'^*'^'^^^l|lL;L2([_yj-]xR4)) 

k 

For the last term but one we use the localization properties of to conclude 

\ 

{6A^ )jPkd-’^Rl ||£,1£,2(|-_7-j-]xR4)) 

k ' 

^ sup ||A||jj|<^|-P[-^iogR|,/](^'^'^ ^IL,”r“(r-r.rixR^->(^i IL,“r 

I>-ilog(Ri) - k 

~ Pi ll^^ills‘([-Fr]xRh ~’ 

while for the last term, we get 

I 

(Xi lki|x|>^|'^[-5logRi,*:](‘^'^'^ ^f'^^^'^^^l|lL/L?([-7’,T]xR'‘)) 

k 

~ (Xi Ik [-5 log)|L“LJ’lk|;c|>^'^^^^^^l IL”L2([-7’,r]xR'') 

k 

Here we use the localization properties of ^r^ to bound the second factor by 

long as ^ log/?i as we may assume and also we have the crude bound 


as 


< 2^ 
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whence we finally obtain the bound 


<R 


-M 


Letting Ri —> +cx 3 then again gives the required smallness. 


Proof of Proposition I 6 .il In view of Lemma I5l4l it suffices to consider the case 7 = 1 .. We argue 
by contradiction. Assume that we have 

(7-41) ll(^»^^)llsl(RxR‘*) < “■ 

Then the idea is that using this ingredient as well as a correct perturbative ansatz for the evolu¬ 
tions (A„,(pn) for n large enough, we can show that the corresponding 5' norms of {An,4>n) niust 
stay finite, contradicting the assumption. We introduce the perturbative term for the magnetic 
potential by 

Afi — A SAyi 

and the perturbative term dcpn by means of 

<Pn - '^Ah^A.6An“ 

where 7i is a very large time interval centered around 1 = 0 and h represents the complement. The 
function solves the wave equation 

where 

'^a+ 5 a{''" “ )yd^ 

and in this context we let be the actual free evolution of the data M„[ 0 ] (as usual only the 

spatial components). We let Xh ^Xh be a smooth partition of unity subordinate to dilates of the 
intervals I\, I 2 . We note that in this argument one has to in fact replace the energy class solution 
(A, (f)) by the evolution of a low frequency approximation of the energy class data very close to it 
and then show that this implies S' norm bounds for (A„, ^„) uniformly for all sufficiently close low 
frequency approximations. 

To begin with, observe that we can show by a variant of the proof of Lemma 17.91 proved later 
independently, that given any 7 > 0 and choosing I\ suitably large (depending on A, cf), 7 ), we can 
arrange that 

^A,5Af“ ^ (^A,5Af")l (^A,5Af")2 

with 

^ lkL(^A,5A{''")2|lL~L» < y- 

Now the equation for becomes the following 

nA+5A„(50n = -Xh^A+5A„(l> ~ Xh^A+SA,,^ (^^Xh)i4> “ 

+ '^{dtXh){M - ^KdtXhXA + dA„)o(0 - 

The error term dj(xii){<p - potentially problematic, because we cannot place the factor 
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into In fact, the latter is only possible provided we have compact spatial support (precisely, 

in a ball of radius R with 1 <s: /? < |/i|) according to the Huygens principle, because then the extra 
factor l/iT^ stemming from will counterbalance the factor |/i| in 


Here it is natural to truncate the data 0[O] in physical space to force this spatial localization later in 
time via Huygens’ principle, but one needs to ensure that this does not destroy the good S * norm 
bounds for (A, (p). In fact, since we use the same A data, the argument for Proposition 15. 1 1 applies 
to yield a global S ^ norm bound for the new (A, (p). We then incorporate the error due to truncating 
the data 0[O] into 5^n (while M„[0] remains unchanged!), and hence infer the desired bound 




L‘P‘Ll{hyM!^y 


This gives the required smallness provided we can make ||V;i;(^ - ^yi/'-«)|koo^2gjxR4) s^n^U- 

this observe that (we omit the cubic interaction terms) 


Ua{(P - ^ + ..., 

and further 
This implies 

ptM - ^A,5a{''“)|Il;”l2(7ixR4) - 

and so we conclude that 


\dt(Xh){dt(p - lk?Cr/i)(0 - 0 a,5a{''")L ~ C'(/i,0,A)||m„[O]|| 


hIxlV 


Furthermore, we can write 


Xh^A+5An<P — A/i'^a+( 5 A™"“"^ error, 
where we use the decomposition 

5An = 

with the first term on the right hand side the free propagation of dA„[0]. For the error term we get 

||en-or||„ < C(|;,|.A)||M„[0]||g.^^;. 

Furthermore, by using a divisibility argument and subdividing time axis into A/^(||(A, 0)||5i) many 
time intervals J, using the argument for Proposition 17.41 we can force (for each such J) 

lkh'^A+5A™"''"^lk(/xR‘*) ^ + ll^^«lls‘- 

Similarly, we have 

|k/2°A+5A>A,5Af"llA(/xRh ^ ll^^«lls‘ + ll^^nlls‘> 
which then suffices for the bootstrap for 6(pn- 

Next, we consider the equation for M„, which is of the schematic form 
□dA„ = (p ■ ^^cp - {Xh(l)) ■ ^xiXh^P) 

- iXh4>) ■ 

+ (A + 6An)\>(l^(p Xh^A.Mn“ ^*^"1 ~ ■ 
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Then we make the following observations. The first line on the right hand side satisfies 

\(p ■ - Cr/i0) • ^x{xh4>%N - '*'1 

for any prescribed vi > 0, provided we pick I\ sufficiently large. The reason for this is that this term 
is supported around the endpoints of l\ (which is centered around t = 0), and since = 0, we 
obtain similarly to the proof of Lemma I7.9l the dispersive decay for (p at large times, which easily 
gives the desired smallness for the N norm. For the second and third line on the right, we find 

<V\+M '||d0„||5i(jxR4) + C'll<^0«ll5l(jxR4)’ 

where 7 is a member of a suitable partition of the time axis into / 7 (||(A, 0 )|| 5 i,M) many intervals 
and C is a universal constant. Here we exploit the uniform dispersive decay of The last 

line is handled similarly, 

||(A + 5An)\xi^(p +XI2 ^am{,"‘' “ ^I^I^IL(7xR4) 

<vi+CiM-\\\Scf>n\\s ‘yxR't) + ll^^nllsl(/xR4)) 

+ + ll^^nll5l(/xR4)) ll^"^nllsl(/xR‘*)ll<^^*f!ll5l(/xR4)- 

Combining these bounds, we then finally infer for the interval J containing t = 0 

ll<5A„||5iyxR4) < ||M„[0]||^ixi2 +yi +CiM-i(||d0„||5 ‘(/xR't) + l|5^«llsiyxR4)) 

+ C2(||d(;^«||^i^^^]^4j + ll<^'^nll5l(yxR4)) H^'^nllsl(/xR"^)ll<^^nll5I(7 xR4)’ 

which suffices to bootstrap the bound for ||dA„||si on J. The bootstrap on the remaining intervals 
follows by induction (and choosing vi and ||dA„[0]||^jxL2 sufficiently small depending on M and 
||(A, 0 )|| 5 i)- Finally, we observe that the S ^ norm bounds on cp, and 5(pn are “inherited” by 

the expression 

Xh^ Xh^AMi'^^ 

on account of the support properties of the functions cp, 


7.5. Selecting concentration profiles and adding the first large frequency atom. We recall that 
we decomposed the essentially singular sequence of data {(A”, 0”)[O])„gj^ into frequency atoms 

Ao 

A"[0] - 2]A”n0]+A" JO], 

a=\ 

Ao 

a=l 

where Aq was chosen such that 

2 ] limsupF(A“, 0 “) <£o- 


Moreover, we remind the reader that the frequency atoms split the errors (A^^, <;^^g)[0] into Aq + 1 
pieces ^”^^)[0], 1 < y < Aq + 1, ordered by the size of |^| in their Fourier supports. 
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Having established control over the evolution of the data (;6^|^)[0] in the preceding subsec¬ 
tions, we now add the components (A"\ 0”')[O], i.e. we pass to the initial data 

(7.42) (AX>A«i,<^+0”i)[O]. 

Here we first have to understand the lack of compactness of the “large” added term (A”',di"^)[0]. 
To this end we carry out a careful profile decomposition in physical space of the added data 
(A”',0"^)[O]. To obtain a profile decomposition for the magnetic potential components A"^[0], 
j - 1,... ,4, we just use the standard Bahouri-Gerard method [T] to extract the profiles via the free 
wave evolution. However, for the (p field, we mimic Il20l and select the concentration profiles by 
evolving the data [0] using the following “covariant” wave operator 

(7.43) - □ + 2/(A”i^,, + A"i’^''“)()’'. 

Here, the functions are defined as the solutions to the free wave equation 

|a"^’^''“[0 ] ^Afm 

for j - 1,..., 4, while we simply put 

^nljree ^ 

It follows from standard results that the solution u to 

ll — 0 

with initial data m[ 0] € //^(R^) x L^(R"*) exists globally in time. Moreover, the parametrix construc¬ 
tion from Section [3] together with suitable divisibility arguments yields that this solution satisfies 
the global S ' norm bound 

(7-44) ll“lls>(RxR^) ^E„ii t,xU{0)\\i2. 

At this point we emphasize that both the influence of the evolution of the low frequency mag¬ 
netic potential A”|^ and the influence of the free wave evolution of the data A”^ [0] are built into the 
“covariant” wave operator n^ni. This is different from the situation for critical wave maps in Il20l . 
where only the corresponding low frequency components are built into the “covariant” wave oper¬ 
ator there, see Definition 9.18 in ECT . The reason for this is that the interaction term 

where both factors are essentially supported at frequency ~ 1, cannot be bounded due to the con¬ 
tribution of the free term Thus, the (p field experiences not only an “asymptotic” twisting 

due to the contribution of the extremely low frequency components A”'^ (as is the case for critical 

wave maps), but also from the frequency ~ 1 field This needs to be reflected by our choice 

of concentration profiles. 

An important fact about the wave operator is that solutions to Uj^niu - 0 preserve the free 
energy in a certain asymptotic sense as n ^ cxj. By rescaling we may assume that T”' = 1, 
which means that the frequency support of (A”\0”')[O] is uniformly concentrated around |^| ~ 1. 
Precisely, we then have 
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Lemma 7.8. Assume that the Schwartz data m[0] is essentially supported at frequency \^\ ~ 1 with 
< 1. Moreover, assume that is \-oscillatory and that A’^^ satisfies a uniform 

norm bound 

limsup||A”'J|^, <oo 

n—^oo 

as well as sup„ ||A”' [ 0 ]||^i ^^2 < °° far j - 1,..., 4. Let n^ni be defined as in (I7.43I) . Then the 
solutions u{t, x) of the linear problem (with implicit n dependence suppressed) 

u — 0 

with fixed initial data u[0] satisfy 

(7.45) lim lim sup + t, ff. -\Wt,xU{R, •)ll^ 2 | = 0. 

i?—»+oo »oo ^x' 


The same holds even when replacing +oo by -oo and K.+ by R_. Furthermore, assume that u^ is a 
sequence of solutions to (again suppressing the n dependence) 


U]^ — 0 , 


supported at frequency ~ \ (in the sense of l-oscillatory), and satisfying 5^ norm bounds uni¬ 
form in k, while u is as above (with fixed data m[0]). Then we have 


(7.46) 


lim lim sup 

R->+oo n-*oo 


( + R,x)- Vt,xUk{t, x) - '^t,xU{R, x) ■ '^t,xUk{0, x)) dx 

Jr4 ^ ' 


-0 


uniformly in k, and the same holds when replacing +oo by -oo, and R+ by R_. 


In the proof of Lemma 17^ we shall need the following uniform dispersive type bounds. These 
will also play a crucial role to control the interactions of the concentration profiles to be discussed 
below. Note that this is an analogue of Proposition 9.20 in |[20l and is proved in an analogous 
fashion. 


Lemma 7.9. Let m[ 0] e //^(R"^) x L^(R‘^) be fixed initial data and consider the solution u{t,x) of 
the linear problem 

= 0 

with given data m[0] at time i = 0. Then for any y > 0, there exists a decomposition 


U = Ui + U2 


such that 

IlMlIlsl < 7 

and there exists a time to - to{u[0],y) such that for any \t\ > to. 


\\ui{t,-)\\Ly < 7- 


Proof We first prove the dispersive type bounds for solutions to the microlocalized magnetic wave 
equation 

= DM + 2/ ^ P<k-cAy‘^‘^Pkdfa = 0 

kel. 

with initial data m[ 0] = (/,g) e x L^(R"^). Here, the spatial components of the 

magnetic potential are in Coulomb gauge and are solutions to the free wave equation. We recall 
that the magnetic wave operator was treated in detail in Section [3] The asserted dispersive type 
bounds for solutions to Uj^niu = 0 then follow by suitable divisibility arguments, which allow to 
iterate away the additional error terms. 
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The main difference over the argument for wave maps in |[20l Proposition 9.20] is that we need 
to use a nested double iteration, on account of the fact that our parametrix for = 0 is only 
approximate. To begin with, we recall that the phase correction defined in (13.171 ) for 

the construction of the parametrix for, say, the frequency 0 mode is truncated to low frequencies 
k<-^. This generates the additional error terms 

2 / 2 ] Pi,Af‘^Podju. 

These can only be iterated away by using divisibility, i.e. by restricting to a finite number of suitable 
time intervals. In fact, due to the summation over k e [-^, 0], it is seen that this number of intervals 
needs to be proportional to C\ (and also depends on the energy and cr, of course). Now we formally 
denote the (exact) Duhamel propagator for the equation = F by 

u{t,-)= f U{t - s)F(s)ds. 

Jo 

Moreover, we denote by 7o^ > Jn the partition of the forward time axis [0, oo) into consecutive 

time intervals on which the error terms 

N‘\u)-2iY, 2 PkA^l^^Pmdiu 

_£l_+ni<k<m 

cr 


as well as the remaining errors generated by the parametrix U need to be handled by divisibility. As 
observed before, their number depends linearly on C\ and implicitly on the energy and cr. We write 
Ji = \ti, t,+i] for 0 < / < A - 1 with to - 0 and = [W, oo). Then, proceeding by exact analogy to 
the proof of Proposition 9.20 in |[20ll . we can write for u\j., 

OO 

^ ^ S(t - t,-)Mh-i)[t,-], 

1=0 

r U{t- 

Jt, 

where S is the homogeneous data propagator for n^, while U is the homogeneous propagator for 
data of the special form (0, g). Then the inductive nature of the construction is revealed by the 
relation (see (9.74) in |[20]| ) 




*-l oo ptk+1 


k={J /=1 


U(t - s)N‘^{u^^^’‘^)(s)ds. 


The new aspect of our setting is that the propagators U, S themselves are only obtained as infinite 
convergent sums of further terms, which need to be analyzed. Our strategy is to reduce precisely 
to the situation treated in l(20ll . by using the error analysis in |[22l . Thus, denote the approximate 
inhomogeneous Duhamel parametrix by 

U^^PP\t - s)F{s)ds. 

Note that due to Proposition 7 in |[22ll . the parametrix U^‘‘PP\t - s) is given by an integral kernel 
that satisfies the same decay estimates as the standard d’Alembertian propagator, independent of 
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the precise potential used (but with implicit constants depending on its energy, of course). 
Then recall from the proof of Theorem 4 in ll2^ that we may write 



lJ{t - s)F{s)ds = 



s)Fj{s) ds, 


where we have Fq = F and writing inductively 

Bi := 

we have for j > I, 


•j:= f U^‘‘PP\t- s)Fj{s)ds, 
Jo 




with (schematic notation following 1221 ) 


FoF] = (DP^^e-jHi,xD) - e2^^(t,xD)a)PoBj.u 

^ ^(e:S'"(i,x,D)e%^(D,y,t) - l)PoF,_i, 

PoB] = ^(e2^H^,x,D)IDr^e%HD,y,t) - IDr^)Pod,Fj_i, 

PoFj - ^(e2^^(t,x,D)IDr^d,e%^(D,y,t) - |Dr')PoF,_i. 

Here the first term, which is treated in Section 10.2 in Il22l . gains a smallness factor of the form 
2“'^^', which of course overwhelms any losses polynomial in Ci for Ci » 1. However, the re¬ 
maining three terms do not gain smallness from C\, but rather by divisibility, and so we have to be 
more careful to force smallness for them (we cannot make the number of intervals depend on the 
prescribed smallness threshold y). Here we exploit the fact that due to Proposition 6 in ll22]| . the 
kernels of the operators 

i(<if*(t,x,D)eJo (D,y,0 - l), i(4''*(t,x,D)|Dr'4*(D,y,0 - IDp'), 

i(4''*(t,x,D)|Dr'5,4*(D,y,0 - IDp') 

are rapidly decaying away from the diagonal x -y. This means that up to small errors (which may 
be incorporated into the small energy part of u), we may think of these operators as local ones, and 
then the estimates in the proof of Proposition 9.20 in |[20l which rely on the inductive bound (9.81) 
there, go through for the error terms F’’., r = 2,3,4, as long as F^_ j, r = 2,3, 4, satisfy these bounds. 
This means that the inductive argument in ||20|| goes through here as well. □ 


We are now in a position to prove the asymptotic energy conservation for solutions to n^ni u = 0 
as stated in Lemma 17^ 

Proof of Lemma WM We consider the natural energy functional 

C 1 \ 1 

EAni{u){t) ^ I - ^|(<9q,m -f x)f dx, 

^ a=0 
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where it is to be kept in mind that the potential A is in Coulomb gauge. Differentiating this energy 
functional with respect to t and using that Uji^niu = 0, we infer the following relation 
Ej^n\{u){R + T) - Ej^n\{u){R) 


pK-^1 p _ 

= Re I I (5rA”|j q)m {dt + q)m dxdt 

pR+T p _ 

(7-47) +Re I + ^(A"^^+Aff'y)u(d, + iA'^^„}uaxd, 

^ R j 

pR+T p - 

J ^4 - 5yA^'^_o)M dx dt. 

We now show that uniformly in 7 > 0, the terms on the right hand side converge to zero as « —> oo 
and then R —> +oo. 


The quartic and quintic terms are all expected to be straightforward and so we focus on the more 
difficult cubic interaction terms. Here we note that the cubic interaction terms 

'•R+T 


and 


pK->rl p _ 

I I ^udtudxdt 

JR Jr-* 

X djUi{djA'^ Audxdt 

4 0 , 


pR+T 


are also easier to treat due to the inherent quadratic nonlinear struture of the temporal components 

ifll 

Wo 


AV. n as solutions to the elliptic compatibility equation of MKG-CG. 


So we now consider the delicate cubic interaction terms 


(7.48) 

(V.' 


_ pR-\-T p 

I 


_ _^ pR+T p 

djui{dtA^} )udxdt--'y' I I 

j y JR Jr4 

pR+T p - - pR+T p 

.49) Re I I djui(dtA''.^'^'^‘^'^)udxdt - ( I lm(djUu)(dtA"^’^’^‘^‘^)dxdt. 

Af Jr Jr4 ^ J J^4 ■' } 

We begin with the first term (17.481) . The Coulomb condition satisfied by . allows us to project 
the term Im {djuu) onto its divergence-free part, which means that we can replace this by a null 
form of the schematic type 

\m{djuu) —> A~^d'Nij{u,u). 

Thus we reduce to bounding uniformly the following schematic integral 


Im (djUu) (dtA'j^^ j) dx dt, 


pR+T p 

^ I I A^^d‘Nij{u,u){dtA’]^^j)dxdt. 


Now we claim the microlocalized bound 
^R+T 


pK+l p 

I I A~^ffNijiPki u, Pk^u) Pk^idtA"} .) dx dt 

JR Jr4 


for suitable cr > 0. Since there are at least two comparable frequencies in the above, this is enough 
to give the desired result in view of the frequency localizations of u and AJ . In order to prove 
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this, we localize the above expression further and also omit the localization to the time interval 
[R,R + r], as we may get rid of it via a suitable cutoff (which is compatible with the S ^ norms), 

r A"^ d‘Nij{Pki u,Pk 2 u) Pk 3 {dtAf .) dx dt 
= r ^-^ffNij{Pk,u,P^)Pk3Q>k3{^tA']lddxdt 
+ r ^-^&Nij{Pk,u,P^)Pk3Q<k3{^tA’]};)dxdt. 

Jr1+4 

Here we only estimate the more difficult second term on the right hand side. We write this term as 

r K~''ffNij{PkiU,Pk 2 u)Pk 3 Q<k 3 {dtA’'} )dxdt 
Jri+4 

- y r A-^ffNij{Pk, U, P^) Pk 3 QiidtA’)^ .) dx dt. 

By symmetry we may assume k 2 <k\. Then we distinguish the following cases. 

Case 1: ki - k 2 + 0(1) > ^3 + 0(1). Since the Qi transfers to the null form Nij, we save 

2k3-k2+j(l-h) 

Thus, we obtain 

r A -1 d‘Nij{Pk, U, P^) Pk 3 QidtAf^ ,.) dx dt 

Jri+4 

where we observe that the exponent pair (4,3) is Strichartz admissible in four space dimensions. 
Then we use the improved Sobolev type bound 

for suitable 7 > 0 to infer 

r A-' ffNijiPk, U, P^)Pk 3 QiidtA^L /) dx dt 

JRl+"^ 

which in turn can be bounded by 

Summing over Z < ^3 yields the desired bound in this case. 

Case 2: k\ - k^ + 0{\) > k 2 . We distinguish between the cases I <k 2 and Z > ^ 2 - 
Case 2a: I < ^ 2 - Here we estimate 

r A-' ffNij{Pk, U, P^) Pk 3 G/(5,A”' .) dx dt 

Jr1+4 

s 2-‘'2l«-fe'||v„p,,„|| „ ||v„p,,,„||^,^,||n,a(a,A;3|^ 

L{ 
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To get summability over I one can replace the norm || • ||^ 2^2 by || • 11 ^ 2 ^ 2 + and then use || • Wijij)- instead 
for the second factor. 


Case 2b: I > k 2 - Here we simply get the bound 

r A-' d‘Nij (Pk, U, P^)Pk, Qi{dtAl\ .) dx dt 

Jri+4 






which can then be summed over k\ > I > k 2 to give the desired bound. This in essence finishes the 
estimate of the cubic interaction term (17.481 ). 

Next, we consider the other delicate cubic interaction term (17.491) . Using that also 

satisfies fhe Coulomb condifion, we reduce as before fo bounding uniformly fhe expression 



A~^ffNij{Pk,u, Pk,u) dxdt. 


Compared wifh fhe freafmenf of fhe previous cubic ferm, fhe issue here is how fo deal wifh fhe 
inferacfions of u and which are now bofh 1-oscillafory. We may assume fhaf all frequencies 

2 * 1 , 2,3 ofherwise smallness follows from fhe freafmenf of fhe previous cubic inferacfion ferm 
(17.481) . Choosing P > 0 sufficienfly large, we obfain from fhe dispersive decay from Lemma 17^ 
and inferpolafion wifh fhe endpoinf Sfricharfz esfimafe fhaf 


l|A, 


“llL;'L3+([R,R+r]xRA 


« 1 


uniformly for all T > 0 and n (recalling fhaf fhe implicif dependence of m on n is suppressed). On 
fhe ofher hand, for fhe facfor Pk^{dtA"}’^'^‘^‘^), we can use L^L\~ insfead. 


The lasf sfafemenf of fhe lemma follows similarly, by expressing fhe inner producf in terms of 
the energies of u and Uk, and reducing to bounding expressions such as 



A ^d‘Nij{Pk^u, Pk^Uk) Pjt 3 ( 5 ,A"^’'^"'’) dx dt. 


□ 


We now begin to quantify the lack of compactness for the functions {(A"\ 0”')[O])„gjg. To clarify 
the notation and make it adapted to the ensuing induction procedure, we replace the superscript 1 
in (A”\ 0 "')[O] by a to indicate the frequency level of the large frequency atom, although we are 
only considering a = 1 in this subsection. We first consider the functions We evolve 

each of these using the flow of the covariant wave operator and extract concentration profiles. 
The mefhod for fhis follows along fhe lines of fhe modified Bahouri-Gerard profile exfracfion pro¬ 
cedure of Lemma 9.23 in Il20l . However, we have fo use fhe asympfofic energy conservation from 
Lemma 173] insfead of fhe sfronger asympfofic energy conservation in EOl Lemma 9.19], which 
forces us fo modify fhe asympfofic orfhogonalify relafion for fhe free energies of fhe profiles. We 
firsf infroduce fhe following ferminology. 

Definition 7.10. Given initial data m[ 0] e x L^(]R"*), we denote by 

S /4na(M[0]) 

the solution to the initial value problem = 0 with data m[0 ] at time t = Q. 
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Following GOl . which in turn mimics |Ti|, we introduce the set which consists of 

all functions that can be extracted as weak limits in the following fashion 

= {ve n C^Ll : 3 |fe, c R x s.t. 

S tni X + Xfi) —^ -^)|- 

Here the weak limit is in the sense of We emphasize that the sequences {{tn,Xn)}„>i c 

]R X ]R^ are completely arbitrary. We observe that for a non-trivial profile V € 'ZYa"“(0“[O]) with 
associated sequence of space-time translations by passing to a further subsequence, 

we may assume that either S (A“[0])(t-i-t"^, ^ 0 or else S (A”“[0])(f-i-f"*, ^ x). 

Here, S (•)(?, x) denotes the free wave propagator and are free waves, see Proposition 17. 12l below. 
Noting that the contribution of A”'^ in the definition of 0^"“ vanishes in the limit, then in the former 
case we have nV = 0, i.e. V is actually a weak solution to the free wave equation, while in the latter 
situation, V solves the linear magnetic wave equation (□ -i- 2iA‘’j^d^)V = 0. 

Moreover, we set 


77 a-(0 “[O]) := sup j£o(V) : F € '7 /a-(0“[O])) < 


where Eq refers to the functional 



Observe that for temporally unbounded sequences, i.e. \t„\ —> oo, the energy Eq{V) is identi¬ 
cal to the “asymptotic free energy” associated with solutions to (□ -i- 2iA‘‘^d^)V = 0 in light of 
Lemma 17.81 In the next proposition we establish the crucial linear profile decomposifion for fhe 
sequence {0”“[O])„gj|, which is af fhe core of fhe second sfage of fhe modified Bahouri-Gerard 
procedure for MKG-CG. Recall fhaf we consider a = I here. 

Proposition 7.11. There exists a collection of sequences x!^)}neH c R x R^, b > \, as well as 
a corresponding family of concentration profiles 


X l2(r4), b>l. 


with the following properties: Introducing the space-time translated gauge potentials 




we have 

• Eor any B >\, there exists a decomposition 


B 



b=\ 


where each of the functions 


X) := - ff, X - xf), f^\t, X) 


solves the covariant wave equation 

Ojl^miU — 0 . 

Moreover, the error satisfies the crucial asymptotic vanishing condition 


(7.51) 


lim 77 a™(0”"^[O]) = 0. 




94 


CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


• The sequences are mutually divergent, by which we mean that for b + b', 

(7.52) \im{\tf-tf\ + \xf-xf\)^oo. 

n—^oo 

• There is asymptotic energy partition 

B 

(7.53) £o(<^""[0]) - 2] £o(^""''[0]) + + o(l), 

b=\ 

where the meaning ofo{l) here is limsup^^;^ o(l) = 0. 

• All profiles ^'^*[0] as well as all errors are \-oscillatory. 

Before we begin with the proof of Proposition 17. Ill we introduce the following important dis¬ 
tinction between two possible types of profiles. 

• Temporally unbounded profiles: Those profiles for which 

lim \C\ = CO. 

n—^oo 

• Temporally bounded profiles: Those profiles for which 

liminf |tf| < oo. 

n^oo 

By passing fo a subsequence we may fhen as well assume fhaf for all n e N, 

= 0 . 

'-n 

For fwo disfincf such profiles corresponding to b b' ,we. musf have 

lim \x“J’ - xfl’ \ = CO. 

n—^Go 

Proof of Proposition \7.11\ There is nofhing fo do if 

77a-(0“[O]) = 0 . 

Lef us Iherefore assume fhaf fhis quantify is sfricfly greafer fhan 0. Then we pick a profile 

and an associated sequence [{tf^ ,xf^)]nen ^ x such fhaf 

(7.54) 5^n«(0"“[O])(t + C,x + xf^) <p‘'\t,x) 
wifh 

£o( 0 “') > 

Then we have 

5A-(0“[O])(f + ff ,^ + X^n') - 5A«<.(5A™l(r'[0])(0 - f„\ • - ^^'))(f + C\x + A^l) 

= SA-(<A“[O])(^ + ^“^x + x“l)-5^„„,(0^^[O])(^,x) - 0 
as n ^ oo by fhe consfrucfion. Furthermore, if holds fhaf 

- Eo(f"^hO]) + £o(0“[O] - 0“'[O]) 

+ 2 r vJs^„„.(0'''[O])(O-tf,x-x^i)V 

Jr4 ^ ’ 

• X) - S^„„,(<^"1[0])(0 -f^,x- xf,^))dx. 


(7.55) 
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where in the last term we ignored that the <p field is complex-valued. If is a temporally 

unbounded profile, we may without loss of generality assume that ^ -i-oo. In view of (17.46b 
from Lemma 17^ the last term on the right hand side of (17.55b can be arbitrarily well approximated 
by 

(7.56) Jo Jr'* ^ ' 

■ t,xS - 5'a™i(0“^[O])(O - - R + fn,x + x‘^^)dxdt 

as n —> oo by choosing R > 0 sufficiently large. Then we observe that the first factor in the integrand 
in (17.56b satisfies 

xf)){t -R + tf,x + xf) = -R,x) + 0^2(1) 

as n —> oo, while by consfrucfion 

5a-( 0“[O] - 5^-™,(0“i[O])(O -tf,-- xf ))(• + tf, ■ + xf) - 0 
weakly in as n ^ oo. Thus, we conclude fhat 

= £ 0 ( 0 ™'[0]) + £o(0™[O] - 0“'[O]) + 0(1) 

as n —> 00. If insfead is a temporally bounded profile, we may and shall have = 0 for all 

n € N. Then the last term on the right hand side of (17.55b is given by 

2 r V,,0"1(O, X - xf) • V,,(0""(O, X) - X - xf)) dx, 

Jr4 

which vanishes as n —> 00 by the weak convergence (17.54b and therefore yields the desired asymp¬ 
totic energy partition (17.53b . 

Now we repeat this procedure, but replace 0“ [0] by 

0""[O] -0”“'[O]. 

Thus, if ?7 a™(0 ™[O] - 0™^[O]) > 0, we select a sequence {(f^^, ^)]nen ^ concentration profile 
0"^(t, x) such that 

£o(0 ‘^')> ^7a™(0“[O]-0™1[O]) 

and 

5 A-(0“[O] - 0“' [0])(t + tf, X + xf ) - X). 

We observe that we must necessarily have 

\im{\C-tf\ + K^-xf\) = oo. 

n—^oo 

Iterating this process yields the decomposition (17.50b together with (17.52b and (17.53b . 

Finally, we turn to proving the crucial asymptotic vanishing condition 

lim 77 a™(0™^[O]) = 0 . 

B—*oo 

Here we observe that the fixed profiles safisfy 

X) = 5a-(0“^[O])(O + tf, X + xf). 
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Then the global 5^ norm bounds (17.441 ) for solutions to the covariant wave equation = 0 

imply in particular that 


l|V,.r"(0,-)ll'2 


< 




<f 




<f 


£o(0™"[O]), 


where the implied constant is independent of n. From the asymptotic energy partition (17.531) we 
conclude that for any B > 1, by passing to a subsequence in n, if necessary, we have 
B 

y limsupFo(0™^[O]) < limsupFo(0”"[O]) <e„„ 1. 

H—»oo n—^oo 


Thus, we have that uniformly in B, 


B 


h=\ 


< 


^crit 


1 . 


By construction, the error must therefore vanish as B ^ cxj. This finishes the proof of 

Proposition 17.111 □ 


We emphasize that in the preceding linear profile decomposition for the fields, the asymp¬ 
totic energy partition (17.531 ) does not yield a sharp energy bound for the actual profiles <^'^*[0] of 
temporally unbounded character, which is in contrast to the standard Bahouri-Gerard profile decom¬ 
position im and the modified Bahouri-Gerard profile decomposition in the context of critical wave 
maps EOl Lemma 9.23]. Fortunately, this will not doom the construction of the nonlinear concen¬ 
tration profiles, because there is a kind of “asymptotic orthogonality statement”, see Lemma |7]T3j 
in particular (17.591 ). This will allow us to circumvent the problem. 

Having selected the linear concentration profiles for the 0”" fields, it remains to pick correspond¬ 
ing profiles for the magnetic potential components A™ for j = 1, • ■ •, 4. In fact, for the latter, we 
simply use the standard Bahouri-Gerard method [1| to extract the profiles via the free wave evolu¬ 
tion. By passing to suitable subsequences, one obtains an intertwined linear profile decomposition 
for (A™, (^“)[0]. Thus, the same sequences of space-time shifts , b> 1, are being used 

for the linear concentration profiles for A"'^[0] and for <^""[0]. This will be crucial later on when 
we construct the associated nonlinear profiles, as the truly nonlinear behavior of both (A, cf)) will 
be exhibited in space-time boxes centered around the points see Step 1 in the proof of 

Theorem l7.14l We quote 

Proposition 7.12. There exists a collection of sequences {{tfl’, x^)}ne¥i c M. x R'*, b> as well as 
a corresponding family of concentration profiles 

Afm e X L^(R^), b > 1 

for j = 1, ■ ■ ■, 4 with the following properties: 

• For any B > \, we have a decomposition 

B 

S (A7[0])(f, X) = 2] S (Af [0])(f - tf, X - xf) + AY\t, X), 

b=\ 

where S (•)(?, x) denotes the free wave propagator. Then each of the functions 

S(Af[0])(t-ff,x-xf), A7y,x) 
solves the linear wave equation 


uu - 0. 
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Moreover, the error satisfies the crucial asymptotic vanishing condition 


(7.57) 


lim - 0. 

B—^co 


• The sequences are mutually divergent, by which we mean that for b 4^ b', 



• There is asymptotic energy partition 

B 


EoiAjm) = Y, EoiAfm) + Eo{AJ\G\) + o(l), 


where the meaning ofo{\) is limsup„_>oo o(l) = 0. 

• All profiles A“^[0] as well as all errors A”‘'^[0] are \-oscillatory. Moreover, they all satisfy the 
Coulomb condition. 

In the preceding propositions on the linear profile decompositions for the fields and for 
the spatial components A™ of the connection form, we established an asymptotic orthogonality 
of the profiles with respect to the standard free energy functional. However, for our induction 
on energy procedure, we have to use the energy functional of the Maxwell-Klein-Gordon system, 
which involves nonlinear interactions between the f field and the connection form A. In the next 
proposition we carefully analyze the asymptotic orthogonality relations of the linear profiles with 
respect to this proper energy functional. 

Lemma 7.13. Given any 64 > 0, there exists Bq = Bq{S 4 ) such tha^ 


(7.58) lim sup £(A“, 0“)(O) - Y E{A^''^, 0“^)(O) - £'(A“'®o, (/.“^'>)(0) < 64 , 


where E refers to the energy functional of the Maxwell-Klein-Gordon system. Here we denote 



and the temporal components A™^(0) are determined in terms o/0”“*[O] via the elliptic compati¬ 
bility equation, and similarly for In particular, if there are at least two non-zero concen¬ 

tration profiles (A“^, 0“*)[O] (corresponding to two distinct values ofb), then there exists 6 > 0 such 
that for all b. 


lim sup £'(A"'='^ 0""'^)(O) < Ecot - 5. 


Moreover, for a temporally unbounded profile (A”'^^, 0"'^^) with, say, —> +cx3 as n ^ 00 , we have 


(7.59) 


E^^nab^ ^ E^^nab^ ^ 


where 


lim lim sup Kab{n, Rb) - 0. 

Rj,—»+oo ^_,oo 


The Bo also depends on the sequence of linear concentration profiles, but we omit this dependency here. 
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Proof. We check the various interaction terms and show that they become small when choosing Bq 
as well as n sufficiently large. 

(1) Two temporally bounded profiles. This is straightforward since lim„^oo | = oo. In fact, 

we immediately infer that schematically 


lim 

n—^oo 


2] r Re dx 


temporally bounded profiles, 


+ lim 

n—>oo 


z 


temporally bounded profiles, 7=1 

4 


+ lim 

n—»oo 

= 0 . 


z 


temporally bounded profiles, ^9^=^' j= 


2 lX 

j=i -'R 

2 IX 

j=i -'R 


dx 


V^A“^ • V^A“^' dx 


(2) One temporally bounded and one temporally unbounded profile. Here we exploit that the ampli¬ 
tude of the temporally unbounded profile vanishes asymptotically (at time t = 0) as n ^ oo, while 
the temporally bounded profile has bounded supporf. We conclude fhaf schemafically 


r Re + /A“^' )) dx 

7|ra4 

b temporally bounded 
b' temporally unbounded 


lim 

n—^oo 


z 


+ lim 2 I J dx 

b temporally bounded 7-1 ^ 

b' temporally unbounded 


+ lim 

n -^00 


^ t\L 

.rally bounded /=1 


dx 


b temporally bounded j= 1 
b' temporally unbounded 


- 0 . 


(3) Two temporally unbounded profiles. Here we exploif fhe asympfolic energy conservation and 
fhaf fhe functions 

- f/,x - xf) 

are asymptotically orfhogonal. Similarly, we argue for fhe inferacfion ferms befween fhe compo- 
nenfs of fhe profiles A”“^ and A"“^". 

(4) Weakly small error and profiles. This is handled like fhe inferacfion of a femporally 
bounded and a femporally unbounded profile. One uses fhe facl fhaf we gel 

^naB, ^ ^naB, ^ ^naBo ^ 

where we have fhe bounds 


naBo 

i 


L”L? 


<54, ||v. 


.naBo 

t,x(P2 


LTT 


< ti4. 


provided Bq is sufficienlly large. Of course, choosing Bq large means fhaf more and more inter¬ 
actions have to be confrolled, and we can no longer simply use fhe choice of exfremely large n fo 
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“asymptotically kill” all such interactions as in the preceding cases. Thus, one has to argue carefully 
as follows: Given 64 > 0, we pick Bq sufficiently large such that for any B > Bq, we have 

B 

limsup y (£o( 0 "“^) + £o(A™^)) « d 4 , 

b=Bo 

where Eq indicates the standard free energy. Then, passing to the interaction terms in the Maxwell- 
Klein-Gordon energy functional corresponding to 0""^“ and with the sum 


Bo Bo 

Z -r”. Z 


J^nab 


b=Bo b=Bo 


leads to terms bounded by 64 for any Bq > Bq, provided n is chosen sufficiently large (depending 
on Bo)- But then picking Bq large enough, we can also ensure that the sum of all the interactions 
in E{A, (p) generated by the profiles 0'“*, A"'’*, \ < b < Bq small, since Bq ^ Bq can be chosen 
independently. 

The last assertion (17.591) is again a consequence of the asymptotic energy conservation from 
Lemma 17.81 and the asymptotic vanishing of the amplitude of a temporally unbounded profile af 
t = 0 as n ^ CX 3 . □ 


We now begin wifh fhe consfrucfion of fhe nonlinear concenfrafion profiles. In whaf follows, we 
assume fhaf fhe linear concenfrafion profiles (A"^, 0“^)[O], b > \, have been chosen, as well as fhe 
paramefer sequences We recall fhaf when fhe profile is femporally bounded, i.e. 

limsup \fj^\ < 00 , 

n—^oo 

we may and shall have - 0 identically. We also recall fhe nofafion 

V) - ff, A - vf), 

Af\t,x) := S{Afm){t - tf, A - xf), 7 = 1,... ,4. 

Thus, if fhe profile is femporally bounded, if holds fhaf 

A™^ [0] = A'^* [0], [0] = (p"’’ [0]. 

We can now sfafe fhe key resulf of fhis subsecfion. 

Theorem 7,14. Let a - Assume that there exist at least two non-zero profiles (A"*, 0"^)[O], or 
all such profiles are zero, or else there exists only one such profile but with 

liminfB(A“^0™*)(O) < E^u. 

n—^oo 

Then the initial data (A^|^ +A”\ +0”^)[O] can be evolved globally in time, resulting in a solution 

with finite S ^ norm bounds uniformly for all sufficiently large n. 


Proof We proceed in several sfeps. 


Step 1 : Construction of the nonlinear concentration profiles. We disfinguish befween femporally 
bounded and unbounded (A"'^^, In whaf follows we shall use fhe nofafion 


j^a,low 

^Ao’ 


inajow 


:= f 


n\ 

Ao' 
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Temporally bounded case: Here we have (A™^[0], 0™^[O]) = (A"^[0], 0'^^[O]) with A“^ as usual in 
the Coulomb gauge. Then we define the nonlinear concentration profile 


^nab'^ 


as follows. Pick a large time Th > 0 whose size will be fixed later on. On [-Th,Th]x l.'^, we define 
fhe profiles to be the solutions to the MKG-CG system with data (A"^,0"^)[O] at time 

f = 0, which exist globally in time by Lemma lV.lSI and the assumption of the theorem with a global 
finite S ^ norm bound 

Here the profiles do not depend on n, but we include this superscript since the profiles on the rest 
of space-time will be n-dependent. On the complement [-Tb, TbY x 1.^, we define the profiles as 
follows. On [Tb, oo) X we let 

- 0 

with data ^“^[Tb] given by the profile constructed on [-Tb, Tb] x R'*, and we proceed analogously 
on (-00, -Tb] X R'^. As for the <l)-field, we postulate on [-Tb, TbY x R^ the linear equation 


^na.iow ^nab' 


o 


nab 


= 0 


with data given at time Tb, respectively -Tb, by the profile on [-Tb, Tb] x R^. Note that in order 
for this to make sense, we also need to know the definition of the temporally unbounded , 
which is, of course, accomplished below without knowing the temporally bounded to avoid 
circularity. 

Temporally unbounded case: Assume, for example, that lim„_»oo - +oo- Using Lemma 17. 13l and 
the assumption of the theorem, we can pick Rb> 0 sufficiently large such that 

- Rb, •) = s^..Yr\m-Rb, • - 4 "') 


satisfies 

£(5(A«^[0])(-/?^„ • - xf), S^n.^icp^^QYi-Rb, • - xf)) < E.rit- 
Then we use the data 


(5(A"^[0])[-/?fo](- - xf), S^„a,{f\m-Rb]{- - xf)) 


at time t - -Rb, and evolve them/orwarr/ in time using the MKG-CG system up to time +Rb, 
say, resulting in the nonlinear profiles 

^^riab (^nab^ 

on [t^^ - Rb, + Rb] X R'^. Observe that this construction does not require knowledge of the other 
profiles O”"*'). Finally, on the complement [tf’ - Rb, Yt + RbY x we evolve jA”“^ via 

the free equation njA""^ = 0, and via the linear evolution 


^nab' ^^naB 




,nab 


- 0 , 


with data given at time - Rb, respectively -i- Rb, by the profiles constructed on - Rb, f}!’ + 
Rb] X R-^. 


Step 2: Making an ansatzfor the evolution (JA”, A)”) of the full data (A^'^ -i- A”^, -i- 0”^)[O]. We 

now assemble the pieces that we have constructed. We shall write 

B 

JY ■- A™’''’"’ + 2 + JA""® + 5\, 

b=l 


(7.60) 
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where is actually simply given by from Proposition 17.121 We immediately observe the 
crucial fact that 

d"[0] =0, 

i.e. the choice of profiles matches the data. We proceed analogously for O”, writing 

B 

(7.61) O" := + Yj + <5®, 

b=l 

where 0'“^ is actually simply given by 0”"® from Proposition 17.111 We finally observe fhaf by 
fruncating fhe frequency supporf of fhe dafa of fhe fo a set {|^| < A') for some very large K and 
incorporating the error into we may assume that the have frequency support in |^| < A' up 
to (slowly) exponentially decaying tails. This will be of use later on when controlling the errors. 

Step 3: Showing accuracy of the ansatz. Here we finally prove fhe following key proposifion. 


Proposition 7.15. Assuming the conditions of Theorem \7.14\ and given any 5$ > 0, there exists B 
sufficiently large (depending on the bounds on ^ ^na,low^^ actual concentration profiles 

and on 65 ) such that for all sufficiently large n, 

+ II^aILiji < ^ 5 - 

In light of the immediately verified facts that 

B B 

limsupj] +limsup2] ||.yi™^||^, < cjo 


b=\ 


b=l 


and 


limsup||cl)™'®||^, +limsup||d^™®||^, < 00 , 

n^oo n—^Go 

this proposition then implies Theorem 17. 141 


Proof of Proposition \7.15\ For the most part, this consists in checking that the (very large number 
of) interaction terms sum up to something negligible upon correct choice of B and n. We start with 
the equation for To begin with, we note that d'^[0] is not necessarily 0, since the asymptotic 
evolution of the profiles O”'** given by 




o 


nab 


= 0 


is different than the one used to extract the concentration profiles, i.e. nA^au = 0. But we also 
observe that each profile differs from the corresponding linear component in Proposition 17. 121 
given by 

S{A^‘’'m){t-tf,x-xf) 
by a possibly large term, which however lives in a better space 

\\f7l"^‘’'{t,x) - S(A«^'[0])(I - tf,x- xf)\l,^, < cx,. 

Denote this difference by (t, x). Then it suffices to show 


Lemma 7.16. For any temporally unbounded profile 0'“* we have 
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Proof. We proceed as in the proof of Proposition |73J expressing the difference in the schematic 
form 

k,j 

or else as a free wave satisfying a Besov -bound for the data instead of the weaker energy bound. 
Using the multilinear estimates from Il22l and that all factors as well as are 1-oscillatory, we 
reduce to a diagonal situation, where the frequency of all factors as well as the output modulation 
are essentially restricted to ~ 1, and have generic position, i.e. the Fourier supports do not have 
angular alignment. Then, using that the profiles disperse away from uniformly in n by 
Lemma 17191 we easily infer the claim. 

To be more precise, we first consider the case when A", y = 1,2,3,4, are free waves, which are 
1-oscillatory, obey the Coulomb condition, and satisfy 

^ “• 

Moreover, assume that d)” is 1-oscillatory and satisfies 

sup ||d>"||ji < oo 

n 

and in view of the dispersive bounds from Lemma |T9] also 

lim ||d>i,00,00 = 0 . 

n—¥oo ** 

We now prove that 

lim ||2/AW0"|L, = 0. 

By the 1-oscillatory character of the inputs and the -Besov bound for A”, one may restrict to 
frequencies ~ 1 in both factors, and assume the output to be at modulation ~ 1 (else the null 
structure gives smallness). Then one uses the Strichartz exponents (y, y) for the first factor, and 
an interpolate of (cxj, cxj) with that same space for the second factor to place the output into L^L^. 
Next, consider the case where A” is of the schematic form 

k.j 

We only consider the most difficult case, where the space-time frequency localizations have been 
implemented and the null form structure revealed as in |[22l Theorem 12.1]. For example, consider 
an expression 

o-^PkQj{Q<j-cPhf'^daQ<j-cPk24>nd"Q<j-cPk,<^\ 
where the k, indicate frequency localizations, all inputs are 1-oscillatory, and satisfy uniform 5^ 
norm bounds, and satisfies the same vanishing relation as above. Also, from Il22l we have 
the alignments ki = k 2 + 0(1), > k + 0(1), j < k + 0(1). One may then in fact assume 

i - k + 0(1), since else one gets smallness, and the 1-oscillatory character allows us to assume 
^ 1 , 2,3 = k + 0(1) = 0(1). Then one places the output into L]L\ by using the Strichartz exponents 
(y, y) for the first two factors, and an interpolate of (|-, y -i-) with (oo, oo) for the last factor. The 
remaining null forms (see (62) and (63) in Il22ll ) are handled similarly. □ 

From the preceding lemma, we infer that we can force 
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provided we piek n suffieiently large. The equation for d" is given by 


(7.62) 2 + ^l) = 0- 


b=\ 


We rewrite this in the following form 
(7.63) 

where we put 


(7.63) - 1 11 111, 


7 := □ 




najow 
B 


). 


77 := □ 




( ^ 0“*), 


t)=i 


777 := □, 




Now the idea is to show smallness of all these terms (in the N norm sense) provided B and then n 
are ehosen suffieiently large. Of eourse, one needs to be eareful with the faet that inereasing B also 
leads to more and more terms in the sums 

B B 




o 


nab 


b’=\ 


b=l 


To deal with this, we use 


Lemma 7.17. Given dg > 0, there is a Bi > 0 such that for all B > Bi and all sufficiently large n 
(depending on B), it holds that 

B B 


Z Z 


O' 


nab 


h=Bi 


b=Bi 


S‘ 


< dg. 


Proof By eonstruetion we have 


^^nab ^ 


where 1" = {-Tb, T^] for temporally bounded profiles and 7” = [f„ - Rb, f„ + 7?/,] for temporally 
unbounded ones. By pieking Bi suffieiently large, so that 


we get 


b=Bi 

where we reeall the notation 

Inab 


E(^^nab^^nab^ « 1, ft > Bi, 


Y ^/«^PIm(0“^D(I)“^) j^<Y 


- c, X - xf) 


b=Bi 


ab ^ ^ab\ 


^nab ^ ^ (Af [0])(0 - C, X - xf), 7 - 1, . . . , 4. 


Mb _ ab\ 
‘n ’ 


But then sinee 


lim sup 11 ^ ,:71“^ [0] 11 ., 2 < dg, lim sup Y < <^6, 


b=B, 


b=B, 
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upon choosing Bi large enough, the first bound of the lemma follows. To get the second bound, one 
uses that for B and n large enough, as well as making some small additional assumption on the data 
(see Remark r/.lSI below). 


B 


(7.64) 


lim 

n—^oo 


*=Bl 




N 




where nosN xr are suitable smooth time cutoffs and O”"* is as in Step 1 with 7" = [-7^,7^] or 


K ~ tT ~ ^b], while O""'’ is as in Step 1 but on the complement (I?y. Again 


^.ab 


\nab 


lim sup I ^ cl)™'*[0] 


h=Bi 

provided Bi is chosen sufficiently large. We then infer 

B 




< de. 


IZ 

b=Bi 




nah 


«<^6, 


provided dy is sufficiently small. Note that there are small error terms due to the cutoff, which 
however are harmless and can be made arbitrarily small by picking the cutoff suitably, see If20ll . In 
fact, we make the 

Remark 7.18. To ensure smallness of the errors generated by the cutoffs xi" cind 1 -Xi"’ it suffices 


to localize each 0™[O] in physical space to a ball of radius 10|/|^|, and each A"°[0] to a ball of 
radius 100|/f |, say. The errors committed thereby may be included in respectively 


Observe that for the term u^na.iow^Yf, '^h=Bi Xil one generates errors of the schematic 
form 




x'AA 


najow 


_l_ ^nab' ^naB'^^nab 




nab 


Then by using the erude bound 




Mab\ 


II 7 “72 9 


where Cbn is a suitable space-time cube of width ~ \l’f \ centered around {A, xf^), and the implied 
constant depends on the frequency support cutoff for the (see the end of Step 2), we see that 
in light of the decay properties of the for b' + b, the norm converges to zero as n — > oo. One 


argues similarly for 


1 2, b' + b, 


care 


as well as those terms generated when we replace by or which then takes 

of the third expression 

Note that since we can force things to be arbitrarily small here if we simply choose n large enough, 
we can also sum over b e [Bi, B], while maintaining smallness. The terms 


^b ^b 


+ 


maB\/^nab 
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almost cancel the corresponding ones generated by 


b=Bi 


except the used in the latter dilfers from by a term dd)”"^ whose energy is bounded by 


\\N’ 


and the expression on the right here, even when summed over b € is «: d? if we pick n 

sufficiently large. This then suffices to bound 

B B 


b=Bi 


b=Bi 


for sufficiently large n, where we take advantage of the spatial support properties that we assume 
about the data for d)'“^. □ 

Next, we show that each of the terms I - III can be made arbitrarily small up to certain error 
terms by picking B and then n sufficiently large. 


The contribution of I. One writes schematically 

+ (a™’''’"' + Y + '^a)<^a'^' 


P-i luajow _ |-. inajow , f\v ina,low 

I —(p — I— ^nab'^^naB^P "r ^ 


B 


na.low 


b'={ 


Then one has for any B, 


lim 11 LJj^na.low^nab' ^^naB^P 


na,low\\ 


Iw 


-0 


due to the frequency localizations (up to exponential tails) of the inputs 




nadow 


as well as due to the fact that by construction we have 


rn inajow _ A 

^^na.IoM'Cp — U. 


More precisely, one uses an argument as in the proof of Proposition 17 .41 We then still have the error 
terms 


(7.65) 2/(d^)vd>“’^'^^ 


^^najow ^ ^ ^nab' ^ j^naB ^ §n^y^^na,lcw _ 
b'=\ 

The second term here shall be straightforward to treat by means of a simple divisibility argument, 
while the first will require the equation satisfied by d^ in conjunction with a divisibility argument. 
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The contribution of II. We write sehematieally 

B B 


f^nab 


b=l 


snab 


n^niib'jQ> 
b=\ 

B 

b=t 

B B 

+ (a™’'""”+ Y 


b=l 


b'=l 


Here the time intervals eorrespond to [-Th,Th] for the temporally bounded profiles and to - 
Rh, t^^+Rh\ for the temporally unbounded ones. We shall heneeforth make the following additional 
assumption that 

\Ih\ = M Mb 

ehosen very large (eventually depending on 65 and the profiles). Then we observe fhaf given any 
^5 > 0, we ean piek B large enough sueh fhaf for any sufheienfly large n, we have 


B 


b=l 


^nab' .^^naB 




<sc 55. 


To show fhis, we need 


B B 



Za/^ 2 /(a-’''’- + 

^ ^nab' ^naB'^ ^''(1)”“* 

^ 5 $, 

N 


b=l 


b'=\ 




b'i^b 


B 


B 




' low 

+ Y 

' ^^nab-jl^^nab 

65. 

N 


b=l b'=\ 


For fhe firsl expression, observe fhaf fhe inferaefions of b' M b, wifh are easily seen 

fo vanish as n ^ 00 , using erude bounds, due fo fhe lime loealizalion and fhe diverging 

supporfs of Ihese profiles or Iheir dispersive deeay. Similarly, fhe inleraefion of wifh 0”“* is 

seen fo vanish asympfofieally as n ^ 00 , due fo fhe divergenl frequeney supporfs and again faking 
advanfage of fhe exlra euloff a/"- Note fhaf al Ibis poinl we have nol yel used fhe parameler B. 
Finally, we also need fo bound 

B 

b=t 

and if is here fhaf we shall lake advanfage of fhe size of B. Preeisely, we divide fhe above lerm info 
Iwo. Firsl, piek Bi very large, depending on fhe parameler M (whieh eonlrols fhe 7" via |7”| < M), 
sueh fhaf we have for any B > Bi, 


B 

limsup|| 


65. 

N 
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That this is possible follows from Lemma 17. 171 Then, with Bi chosen, pick B > Bi sufficiently 
large such that 


Bi 

limsup||2];y/«j7l™®5''cl)"“* 


<«; 55 . 

N 


Here we take advantage of the fact that we essentially have 


limsup||,:71“'® 


\\LTL7+LTm 


0 


as B ^ CX3. In fact, we have to be a bit careful here, because in Remark P/. 181 we assume that 
we have incorporated some extra errors into the tail terms and which do not vanish as 
B —> CX3. However, considering the term corresponding to a fixed be [1, Bi], we have that the extra 
contribution to (coming from truncating J?1”"^[0]) interacts weakly with (in the sense 
that it vanishes as |4| —> 00 ), see e.g. the proof of Proposition 15.131 The remaining contributions 
from truncating [0] are easily seen to result in interactions vanishing as n ^ cxj. The cubic 
term 


B B 


_l_ _ ^^nab 




N 


b=\ b' = \ 

is actually simpler, because the temporal cutoffs are not even necessary to get the desired bound. 
This completes the estimate for 11 except for the error terms 

B B 


(7.66) 






b=l 




B 

b' = \ 


b=\ 


The contribution of III. Here we take advantage of the fact that satisfies the equation = 0 
to first show that we can pick B large enough such that for all sufficiently large n, 


^J^nafowj^nab' ^^naB 


0 


nciB 


N 


Of course, the profiles are not free waves, but they differ from free waves by ferms fhaf are 
negligible as far as inferacfions wifh are concerned. In facl, we recall fhaf 

\\ji’^‘’'{t,x) - 5(A^^'[0])(t - tf,x- xf)\l^, < 00 . 

Using Lemma r/.ni we can refine fhis fo a fail esfimafe as follows. There exisfs Bi sufficienfly large 
such fhaf denofing 

^nab' . _ ^ ^^ab' _ ^ab'^ ^ 

we have for any B > B\, 


B 

limsup y ||2/Sy'd’'<l)“''®||^ « d 5 . 
b'=Bi 

On fhe ofher hand, wifh fhis Bi fixed, we can use fhe argumenf for Lemma 17.161 10 conclude fhaf 
Ihere exisfs B > B\ such fhaf we have 

Bi 

limsup y « d 5 . 

b'=\ 

Finally, we are slill leff wifh fhe error ferms 


(7.67) 


i_. ff^naB _ 




O' 


naB 
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We have now shown smallness of the terms I - III up to errors that are at least linear in <5” given 
by (17351) - (IThTl) . 

Having dealt with the equation for dl, we now come to the equation for 6 '\ given by 


^ ^nab' ^ j^naB ^ 


(7.68) 


b'=\ 


B 


B 


- -rj Im + O™-® + d” Q^nab + (jn«B + 


6=1 6=1 

where the covariant derivative Dx uses the underlying connection form 

B 


^na,low + ^nab' ^ j^naB ^ 


6 ' = 1 


We rewrite this in the form 


(7.69) 


where we put schematically 


u{6 \)^-lV-V, 


/ \ 
IV ■- 0)™^ + d)™® + 5%)Dx((p^‘^’^‘’'^ + Y + ‘^i)) 

6=1 6=1 


Im (( Y J + d )™‘8 + d” )) - Im 

^ 6=1 


6=1 


V := 


:= Im (( 2] d)™^ + d)™^ + d;^)D;,( O™* + O™-® + d” )j - Y 

'' 6=1 6=1 6=1 

The term IV can be written in terms of null forms as well as cubic terms involving at least one low 
frequency factor gjjg pjgp frequency term from 

B 

Y d>''"* + d)""®, 

6=1 


or else error terms involving at least one factor 6 ^. The former type of interaction is easily seen to 
converge to zero with respect to || • ||a? as n —> cxj, and so only the latter type of error term needs to 
be kept. As for term V, again ignoring the terms involving at least one factor d^, we reduce this to 


Im 



^nab 


+ d)™^)D;,( Y - Y 


6=1 


■rnab 


6=1 
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Then from the definition of the profiles 0'“*, we can wrife fhis for some large B 2 and B > B 2 as 

B 2 _ 

Y^Xnir 

b=\ 

B 2 B 2 B 2 

+ Im (( ^ ^ Im 

'' b=l b=\ b=\ 

B B B 

+ Im(( 2] d)“'^)D;,(2] d)“* + d)™-®)j + Im|d)“'®D;,( d)™^)j 

h=B2 b=\ b=B2 

B _ 

- 2];r/«Im(d)™^D,d)“^) 

b=B2 

+ Im(d)™'®D^^O^) 

^ (V)i + iV)2 + (V)3 - (T)4 + (T)5. 

Then given a dj > 0 arbifrarily small, we firsf pick B 2 sufficienfly large such fhaf for all sufRcienfly 
large n we have 

||(T)3||^ + ||(T)4||^«d5, 

using Lemma 17. 171 Then one picks n large enough such fhaf 

||W2L«d5. 

Furfher, wifh B 2 fixed, pick B > B 2 sufficienfly large such fhaf 

||(V)5L«d5. 

Finally, wifh B 2 fixed, we choose M = |/”| large enough (depending on fhe profiles d)“^,d = 
1 ,..., B 2 , where fhese of course depend on fhe n-independenf 0"^[O]), such fhaf 

||Wl||^«d5. 

This is fhen fhe M fhaf needs fo be used in fhe analysis of fhe equation in fhe “addifional 
assumption” fhere. □ 

7.6. Conclusion of the induction on frequency process. In the preceding subsection we obtained 
global S ^ norm bounds for the MKG-CG evolution of the data 

(a;^!+A”\<^ + 0 "i)[O] 

under the assumption that (A”\ 0"^)[O] has at least two non-zero concentration profiles, or all such 
profiles are zero, or else there exists only one such profile (A”^^, 0"^^) but with 

fiminf£(A”^*,0"^*)(O) < E^u. 

n—^oo 

We now make this assumption and continue the process by considering the data 
(7.70) (A";, + A”' + A"2 ,+ cpfjO] 

at time t = 0. Proceeding almost identically to Subsection 17.31 we prove that the MKG-CG evolu¬ 
tion of this data exists globally and satisfies a priori S ^ norm bounds. These bounds depend on Ecrit 
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and the a priori bounds on the evolution of the data (A”|^ + + 0'’^)[O]. The only difference 

here is that in the decompositions (see Subsection l7.3l) 


Ai(5i) 


7=1 

Al(5i) 

7=1 


».m= Z<‘ho]+AS,^„[0], 


we now have to make sure that 

lh«A.,[0l|ls; 




+ 




, xB° 
2,00 2,00 


is small enough depending both on Ecrit and the a priori bounds for the MKG-CG evolution of the 
data (A^l^ +A”', + 0”^)[O]. Then we continue by adding the second frequency atom (A”^, d'”^)[0] 

to the data at time t = 0 and by repeating the procedure in Subsection 17.51 but now using the 
“covariant” wave operator 


:= □ + 2/(A”' All , + Af’^ndZ 


where A"^^ ^ + A”^ + A”^^ ^ is given by the global MKG-CG evolution of the data (I7.70I) . 

All in all we may carry out this process Aq many times in order to finally conclude fhaf if eifher 
fhere are at least two frequency atoms, or else there is only one frequency atom but with 

liminf ^(A”',(/>"^) < Ecru, 

n-^oo 


or if we do have 

lim = 

n—^oo 

but such that there are at least two concentration profiles, or finally if fhere is only one frequency 
afom of asympfofic energy Ecrit and only one concentration profile (A"'^, 0"^^) wifh 

liminf £'(A”'^0”'^)(O) < E„it, 

n—*oo 

fhen fhe sequence (A”,0") cannof possibly have been essenfially singular, resulting in a contradic¬ 
tion to our assumption. We can then formulate the following 


Corollary 7.19. Assume that (A”,^”) is an essentially singular sequence. Then by re-scaling we 
may assume that the sequence of data (A”, 0”)[O] is \-oscillatory, and that there exist sequences 

{(tn, -rH)}rt€N M. X IR. 


and fixed profiles 

(A,0)[O]e(//ixLyx(//]xL2) 

with A satisfying the Coulomb condition, such that we have for j - 1,... ,4, 

A”[0] = S{Ajm){- -tn,-- Xnm + asn^oo. 

Here, S {■){t, x) denotes the standard free wave propagator. Eurthermore, define for j = 1,..., 4, 

Aj{t,x) = SiAjm){t,x) 
and denote by S^(M[0])(f, x) the solution to 
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with data m[ 0] e x at time f = 0. Then we have 

^''[O] ^ S^(0[O])(- -tn,-- Xn)[0] + o^|xl2(1) as u ^ oo. 

If the sequence (f«)ngN admits a subsequence that is bounded, then by passing to this subse¬ 
quence, we may as well replace by = 0 for all n, and correspondingly obtain up to rescaling 
and spatial translations that 

(A”,0«)[O] = (A,0)[O]+o^,^^2(1). 

Then Proposition 16.11 implies that the evolution of (A,0)[O] is in fact a minimal energy 

blowup solution. In the case that —> -i-oo (or —> -oo), we need to introduce the concept of a 
minimum regularity MKG-CG evolution associated with scattering data, or “a solution at infinity”. 
Here we have the following 

Proposition 7.20. Let (A, 0)[O] be Coulomb energy class data and let {(tn, c R x with 

t„ - 1 - 00 . VTe introduce the scattering data 

,:?1';[0] - 5(A/0])(- -tn,-- v„)[0], 7 - 1,... ,4, 

(7.71) ^ 

O"[0]-5^(0[O])(--f„,--x„)[O], 

where we use the notation Aj(t,x) = S{Aj[Qi])(t,x) for j = 1,...,4. Moreover, we denote by 
(JA”, d>")(f, x) the MKG-CG evolution (in the sense of Section\^ of the Coulomb data (JA”, <1>")[0]. 
Then there exists a sufficiently large C e R+ such that there exists an energy class solution (jA“°, d>°°) 
to MKG-CG on (-oo, —C) x R^, which is the limit of admissible solutions as in Section\^with 

''Co>C, 

and such that for any t € (-oo, -C) we have in the energy topology 

lim {J[\ <l)")(t + t„,x + Xn) = i^°°, d>“)(t, x). 

n—^oo 

In particular, the expressions on the left are well-defined (in the sense of Section\^ for n sufficiently 
large. 


Proof This is a perturbative argument, which exploits the dispersive behaviour as evidenced by 
amplitude decay of the functions JA”[0] and O"[0]. We write 

jA”(f, x) - ,:A^”(f, x) + 6:TC(t, x), 

0"(t,x) - 0^"(t,x) + (5cl)"(t,x), 


where we use the notation 


IRY(t,x) = S(Ajm)(t-tn,x-Xn), 7 - 1,...,4, 
(l)^”(t, X) = 5'^(0[O])(f -tn,X- Xn). 


Also, keep in mind that (JA", d>")(t, x) denotes the MKG-CG evolution (in the sense of Section[5ll of 
the data (JA”, <1>")[0]. Then we show that (dJA”, dO") satisfy good 5 ^-bounds on (-oo, t„ - C) x R'* 
for some C > 0 sufficiently large, and all n large enough. This means that the evolutions (JA", ffi") 
are well-defined on (-oo, tn - C) x R'*. Furthermore, assuming as we may fhaf is monofonously 
increasing, we will show fhaf for n' > n, we have 


n'>n 


-F lim lid)'’ [tn' - 
n,n' —^oo 
n'>n 




rtixL? 


= 0 , 
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which together with standard perturbation theory then results in the fact that 

lim (l)")(t + tn,x + Xn) - {jr, d)“)(t, x), 

n—^oo 

provided t € (- 00 , -C), and the right hand side is a solution to MKG-CG in the sense of Section|5l 

To get the desired bounds on dO”), we record the schematic system of equations that they 
satisfy 

(7.72) 0 = dO”, 

(7.73) n{6Jl'^j) = 

We then show that given d > 0, there exists C = C(d, A[0], 0[O]) such that we have 

IL‘Si„-C]xR 4) 11^*^ lls‘((-oo,r„-C]xR'') ^ 

This follows as usual via a bootstrap argument. We show here how to obtain smallness of the 
non-perturbative source terms on the right hand side, i.e. the terms 


while the remaining terms are handled either via the smallness of d (provided they are quadratic in 
d,^”, do"), or else via a standard divisibility argument, just as in the proof of Proposition 17 .41 Now 
the first term on the right is in effect equal to 

^ln^In,V(j)In_ 


To treat it, we note that we may reduce all inputs as well as the output to frequency ~ 1, since else 
we gain smallness for the L/L^-norm of the output by using standard Strichartz norms. Then we 
estimate the remainder by 


0 ( 1 > 




0 ( 1 > 




'lL,‘L 2 ((-oo,f„-C]xR'‘) 


0 ( 1 ) 


< 


\\PomK'‘ 


lJ lJ ((-oo,f„-C]xR‘*)' 


0(I> 






llL5L5((-oo,f„-C]xR"^)lh <^(1) 


<T) 1 «|| 

^ llLjL”((-oo,f„-C]xRA’ 


Then by exploiting the decay and interpolation, for example, we get 




L5L5((-oo.f„-C]xR4) 


<sc d 


for C sufficiently large, uniformly in n, and this suffices to get the necessary smallness on account 
of the fact that uniformly in n, 


||Po{i)d^ 


\n I 


lJ lJ ((-oo,f„-C]xR4) 


+ ll-Po(I)*l’ 


l/tll 


IIl2L”((-oo,/„-C]xR'') 


< 


||(A[O],0[O])|| 


H\xLl- 


As for the quadratic term 


its inherent null structure allows to reduce to the case of frequencies ~ 1 and inputs with an angular 
separation between their Fourier supports so that the output is at modulation ~ 1. In that situation 
we have 


||!Py( 0^"£);,0 


ln\ 


lw((-oo,f„-C]xR"') 






H) HI 

which can be estimated by placing one input into Ly’ ((-“, - C] x R^) and the other one into 

- 00 , - C] X R^). The latter norm is small uniformly in n for C sufficiently large on account 

of (a variant of) Lemma l7!9l □ 
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Remark 7.21. The preceding proof implies in particular that if {A, 0)[O] is Coulomb energy class 
data, then there exists to > 0 sufficiently large such that the initial data 

(5(A[0])(- - Io,O,5^(0[O])(- - to,-))m, 

where for j = 1,..., 4, 

Ajit,x) = SiAj[0]){t,x), 

can be evolved in the sense of Section\^on {-oo, 0] x and satisfies a global -bound there. This 
is the analogue of Proposition 7.15 in H20\l . 

Extracting a minimal blowup solution in the case of one temporally unbounded profile is still not 
a direct consequence of the preceding proposition on account of the somewhat delicate perturbation 
theory, but follows by a slightly indirect argument. Here we state 

Proposition 7.22. Assume that the essentially singular sequence (A”, 0") satisfies 

A"[0] = 5(A[0])(- - • - x„)[0] + o^ixL^Cl), 

fm = S^(0[O])(- - • - x„m + 

where —> +oo, say, and we use the same notation as in the preceding Corollary \7.19\ Then 
denoting the corresponding MKG-CG evolution of these data by (A”, x), its lifespan comprises 

(- 00 , tn — C)for C sufficiently large, uniformly in n. Also, the sequence 

{(A",0")[t„-2C])„,j, 

forms a pre-compact set in the energy topology. Denoting a limit point (any such satisfies the 
Coulomb condition) by <1)“)[0], we have £'(,^“,0“) = Ecrit, cind moreover, denoting the 
lifespan of its MKG-CG evolution by I, we get 

7c/ 

Proof. The fact that the evolution of (A”, ff){t, x) is defined and has finite S ^-bounds on (-oo, tn-C) 
follows by exactly the same method as in the proof of the preceding proposition. We set 

A"(/,x) - A^"(/,x) + M"(/,x), 

0"(/, x) = S ^((;6[0])(/ -tn,x- Xn) + 6(fT{t, x), 
where we let A^” be the free wave evolution of A”[0], i.e. for j - 1,..., 4, 

A]"(/, x)^S (A/[0])(/ -t„,x- x„) + 

and Aj{t,x) - 5'(Aj[0])(/,x) for j = 1,... ,4. Also, note that dA”[0] = 0. Then choosing C large 
enough, we infer the bounds 

||(dA , 6 (t> )||(^i5ixSi)(-oo,(„-C)xR4 ^ ^ 

via bootstrap. Since (A”, 0”) is essentially singular, we know by the preceding results that the data 

(A”,0”)[/„-2C] 

are concentrated at fixed frequency ~ 1 and consist of exactly one concentration profile, which is 
necessarily temporally bounded. But this implies that the sequence 

{(A”,0”)fe-2C])„>i 

is pre-compact in the energy topology. Extracting a limiting profile <1'“)[0], the last statement 
of the proposition follows directly from Proposition 16.11 □ 
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To conclude this section, we finally state the following crucial compactness property of the 
minimal blowup solution <1)“°) extracted in the preceding. 

Theorem 7.23. Denote the lifespan d)“’) by I. There exist continuous functions T : / —> 

A : I ^ R+, so that each of the family of functions 



for j - 1,..., 4 and 



is pre-compact in /7].(R^) x L^(R^). 

The proof of this follows exactly as for Corollary 9.36 in E01 . using the preceding Remark IV.ZlI 


8. Rigidity argument 


In this final secfion we rule ouf fhe existence of a minimal blowup solution wifh fhe 

compacfness properly from Theorem 17. 23 1 To Ihis end we largely follow fhe scheme of fhe rigidily 
argumenf by Kenig-Merle lITOl . 

In Subsection 18.11 we derive several energy and virial identities for energy class solutions lo 
MKG-CG. Then we prove some preliminary properties of fhe minimal blowup solulion (J71°°, 
in particular fhal ifs momenlum musl vanish. Denoting by I fhe lifespan of {J{°° , 0 “), we distin¬ 
guish belween D := / n [0, oo) being a finile or an infinile lime inferval. In fhe nexl Subsecfion l8.21 
we exclude fhe exisfence of a minimal blowup solulion (^°°, 0“) wifh infinile lime inferval D 
using fhe virial identifies, fhe fad lhaf fhe momenlum of (^°°, 0“) musl vanish and an addifional 
Vifali covering argumenf inlroduced in ll20l . Moreover, we reduce fhe case of finile lifespan D 
lo a self-similar blowup scenario. In fhe Iasi Subsection 18.31 we Ihen derive a suifable Lyapunov 
funclional for fhe Maxwell-Klein-Gordon syslem in self-similar variables, which will finally enable 
us lo also rule ouf fhe self-similar case. 

8.1. Preliminary properties of minimal blowup solutions with the compactness property. We 

will sometimes use the following notation for the covariant derivatives 


Da = d^ + /J?l“ 


and the curvature components 



associated with the minimal blowup solution (J?l“, 0°°). 


Lemma 8.1. Let (A, f) be an energy class solution to MKG-CG in the sense of Definition \5.3\ with 
lifespan I containing 0. For given s > 0, let R > 0 be such that 



Then we have for any t € D that 
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Proof. Let (A, f) be an admissible solution to MKG-CG with lifespan I containing 0. For R > 0 
and t €/■*■, we define 


ER{t) = 




^ \Da(t){t,x)\^'^dx. 


Using that the energy-momentum tensor for the Maxwell-Klein-Gordon system 
Tap = Fa^Fpy “ ^mapF ysF^^ + Re (DafDfjf) - ^mapD^fOyf, 
with Map denoting the Minkowski metric, is divergence free 

d^'Tap = 0 , 

we easily obtain from the divergence theorem that for any toUi e with to < t\, 

(8.1) pRito) ^ pRiti) + f (Too(t,x) + ^Tjo(t,x))do-(t,x). 

Jm;^ I^I ( 

Here, M‘‘ denotes the part of the mantle of the forwards light cone {{t, x) e x : |x| < /? -i- 1 ] 
enclosed by the time slices {tg) x R^ and {tj) x R^, and dcr denotes the standard surface measure. 
One easily verifies fhaf fhe flux 

Tooit,x) + —Tjo(t,x) 

|x| 

is non-negafive using fhe general identify 

'^{cojrk - oJkrjf = 2{r^ - {r ■ ojf) < 2r^ 
j.k 


for r, oi € R^ wifh |a»| = 1. We conclude fhaf 


( 8 . 2 ) ERih) < ERito). 

Since an energy class solution fo MKG-CG in fhe sense of Definition [53] is a locally uniform limit 
of admissible solutions, the corresponding inequality (18.21 ) follows by passing to the limit. This 
implies the claim. □ 


Next, we prove the following energy and virial identities for energy class solutions to MKG-CG. 

Proposition 8.2. Let (A, f) be an energy class solution to MKG-CG in the sense of Definition 15. j| 
Then the following identities hold. 

• Energy conservation 


(8.3) 

• Momentum conservation 

(8.4) 


a,p a 

d C* 

'dt j (FofDkf)) dx = 0 


for k = 1,..., 4. 

• Weighted energy 

(8.5) ^ XkifRii^ j dx = - J'jEojEk^ -h Re {DofDkf)) dx -v 0{r{R)) 

for k = 1,... ,4. 
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• Weighted momentum monotonicity 


( 8 . 6 ) 


d C* d C* 

— I XkipRiFojF^^ + Re{DQ(pD'^(f)))dx+ — I ipuRe {(pDocp) 
dt Jr4 " ’ dt Jr4 

- - + \Do(l>?)dx + 0{r{R)). 


dx 


Here, Lp e is a smooth cutoff with <p{x) = I for |a| < 1 and (p{x) = 0/or \x\ > 2. Moreover, 

for R> Owe define ipR{x) = (p{j) and 


(8.7) 



9 l/r 

\D,cl,f+'^]dx. 


Proof It suffices to verify these identities for admissible solutions to MKG-CG. Since energy class 
solutions in the sense of Definition 15.31 are locally uniform limits of admissible solutions, the cor¬ 
responding identities follow by passing to the limit in an integrated formulation. 

So let (A, /) be an admissible solution to MKG-CG. Then the energy conservation (18.31) and 
momentum conservation (18.41) identities follow immediately from the divergence theorem and the 
fact that the energy-momentum tensor of the Maxwell-Klein-Gordon system 

Tap = Fa^Fpy - ^mapFysF^^ + Re {DafDpf) - ^mapD^fDyf 


for a,/3 € {0,1,..., 4} is divergence free 

( 8 . 8 ) d^^Tap = 0 . 

To prove the weighted energy identity (18.51) . we also use the divergence-free property (18.81) of Tap 
and compute fork = 1,..., 4 that 


dt Jr4 


XkipR{x)T^dx = I XkipR{x)d->Toj dx 


-L 

-f 

Jr4 

-f 

Jr4 


(PR{x)Tok dx ■ 


f, 

Jr4 


)Tojdx 


Tokdx + 0{r{R)), 


where we integrated by parts in the second to last step. This yields (18.51) . Finally, to show the 
weighted momentum monotonicity identity (18.61) . we compute 

— r Xk(pR(x)To^ dx = r Xk(pR{x)d jT^^ dx 
dt Jr4 Jr4 

(8.9) ^ ~ Jr4 ~ J^4 

= - f (j^F^, + 2IDofl^-J^IDkfl^]dx + 0(r(R)). 

/i=l ^ 
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Since the right hand side of (18.91) does not yet exhibit the desired mono tonicity, we also consider 
r ^r{x) Re {(pDo(p) dx= f (Pr{x) Re {d,(pDo4>) dx+ f <Pr{x) Re {(pdiD^cp) dx 

dt Jr4 Jr4 Jr4 

= I (f>R{x)\DQ(l)\^ dx + I (pR{x)Re{(l)Dl(l))dx. 

Jr4 Jr4 \ U / 

Inserting the equation for (p and integrating by parts leads to 

V r (0^00) dx= f ^r(x)|Do 0P r/x - V f (pR(x)lD/ipl^ dx 

dt Jr4 Jr4 ^ Jr4 

( 8 . 10 ) - r 

r 

= 2 + 0{r{R)). 

Putting together (18.91) and (18.101) . we obtain (18.61) . 

If /'*■ is a finite time interval, we obtain a lower bound on X{t) from Theorem 17. 23 1 


Lemma 8.3. Assume that is finite and after re-scaling that ft = [0,1). Let A : ft 
Theorem \7.23\ Then there exists a constant Cq{K) > 0 such that 


for all 0 < t < \. 

Proof. The proof follows exactly as in 
rem 17.231 


be as in 


1 - t 


Lemma 10.4] by combining Corollary 16.31 and Theo- 

□ 


Moreover, when ft is a finite time interval, we conclude the following sharp support properties 
of <1)“° and the curvature components 

Lemma 8.4. Under the same assumptions as in Lemma IST?) there exists xq e K.'^ such that 

supp {Tfjft, •), (l>“(t, •)) c B{xq, 1 - t) 
for all 0 < t < 1 and all a, ft e {0,1,... ,4}. 


Proof We follow the proof of Lemma 4.8 in ifTOll . Consider a sequence {?„)„ c [0,1) with —> 1 
as n ^ CX3. From the preceding Lemma [R3] we know that Afft ^ oo as n ^ oo. Together with the 
compactness property expressed in Theorem 17. 231 we obtain for every R > 0 and £o > 0 that for all 
sufficiently large n, it holds that 





dx < 


gp 

100 



and 
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Applying Lemma [8TT] backwards in time, we conclude for every R > 0, eq > 0, and s e [0,1) that 
we have for all sufficiently large n, 


( 8 . 11 ) 




Next, we show that there exists M > 0 such that 

it suffices fo consider a sequence > 1 with 
large n that 

[x : \x\ < 7?) c : 




m 


A{t) 


< M for all 0 < f < 1. Suppose not. Then 
oo. For all /? > 0, we have for sufficiently 


X + 


X{tn) 


d(L) 


^ R + tfi 


But then we obtain from (18.111) with ^ = 0 that for all 7? > 0, 

f (z Z 1 ^^1') ^ ^0- 

J|W<r|V4 ^ 2 ^ ) 

Since £o > 0 was arbitrary, this is a contradiction. 

Thus, we may pick a sequence L —> 1 such that 

X{tn) 


A{tn) 


-Xo € 


Now observe that for every ? 7 o > 0 and s e [0,1), we have for all sufficiently large n that 
|x : |x - xol > ?7o + 1 - .S') c |x : x + + t„ - s|. 

Hence, we obtain from (18.111) that for every eo > 0> > 0 and s e [0,1), 

r (1 z ^ z - ^0- 

-'lh-xo|>;7o+l-d''4 ^ 2^ / 

We conclude that 

supp •), (£»aO“)(t, •)) c Bixo, 1 - t) 

for all 0 < f < 1 and all a,/3 = 0,1,..., 4. The claim then follows from the diamagnetic inequality. 

□ 


In the next key proposition we prove that the momentum of the minimal blowup solution (J?l°°, 0°°) 
must vanish. This will later allow us to control the movement of the “center of mass”, or more pre¬ 
cisely a weighted energy of (J?l°°, For technical reasons we have to distinguish between the 
case of finite and infinite lifespan. 


Proposition 8.5. Let 0°°) be as above. Assume that is a finite interval. Then we have for 
k = 1,..., 4 and all tel''' that 

r /A 

(8.12) + Re (£»od>“^^))(h x) dx = 0. 


As for the critical focusing nonlinear wave equation IfTOl and for critical wave maps 1)201 . the 
Lorentz invariance of the Maxwell-Klein-Gordon system and transformational properties of the 
energy under Lorentz transformations are essential ingredients in the proof of Proposition 18.51 We 
begin by considering the relativistic invariance properties of our system. Assume that 
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is a Lorentz transformation, acting on column vectors via multiplication with the matrix L. Then 0 
transforms according to 

(8.13) (p (p^ := (l>{L(t,x)), 
which results in 

^t,x4> ^ L‘'^t,x(p{L{t, x)). 

Then the potential A„ needs to transform accordingly, i.e. writing this as a column vector indexed 
by or, we transform 

(8.14) AhaA^ :=L'A(L(f,x)). 

Then the expression d^Fajs, when interpreted as a column vector in a, also transforms according to 
multiplication with V, as does the expression 

Im {(pDa(p). 


Under these transformations, the Maxwell-Klein-Gordon system is then invariant. However, the 
conserved energy does not remain invariant under general Lorentz transformations, and our first 
step is to quantify this. In the sequel we only consider very specific Lorentz transformations of the 
form 


(8.15) L = 


for small d e R. 

Lemma 8.6. Let (A, 0) be an admissible global solution to MKG-CG and let L : be 

a Lorentz transformation of the form (18.151) for some r/ € R. Then we have for aZZ t € R that 


/ 1 -, 


-/ 


n-T- 

0 

0 

0 


—d 

TTcP 

_j_ 

L-cP- 

0 

0 

0 


0 0 0 ^ 
0 0 0 

1 0 0 
0 1 0 
0 0 1 J 


(8.16) 


E{A^, (p^){t) = f (t y i y \Da(p\\L{t, x)) dx 

2 4 1 


;=2 

4 




Fo,Fi, + Re {DQ(pDi4>) (L(t, x)) dx. 


Proof The potential A is transformed into A^ as follows 

j 1 d 

Ag(t,x) ^ ApjLjt, x)) - AfL{t,x)), 

vr^ vr^ 

J d 1 

A‘{{t,x) = - Ao{L{t,x)) + Ai{L(t,x)), 

VT^ vr^ 

A){t,x)=Aj{L{t,x)), 7 = 2,3,4. 
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Then we eompute the eorresponding eurvature eomponents 

+ -L 


d / 1 d 

Vl Vl - Vl -t/2 


Vl - Vl -t/2 




vr^ 


5iAi 


1 


Vl - ^2 V Vl - J2 


dfAp H— , i^iAq] + 

VT^ ^ 


Vl - J2 \ Vl -^2 


5fAi + 


Vl -t/2 


<5iA] 


= ■P’ou 


Here the right hand side has to be evaluated at L{t, x). We use this eonvention for the remainder of 
the proof. Further, we obtain 


- 

^02 - 


1 


:5,A2 - 


Vl -d2 Vl -d2 

1 ‘^17 

C02- , ^ Cl2 


5iA2 - d2i , - =Ao - 


Vl -d2 Vl -d2 


as well as 


^03 = 


vr^ 

1 


:F’o3 - 


vr^ 

d 


vr^ vr^ 

Similarly, we eompute 


PpA - 


1 


1^04 - 


Fia. 


- - 
12 “ 


:5(A2 + 


1 


Vl -d2 Vl -d2 

dr- 1 r- 

Fq2 H- , . Cl2 


5iA2 + 


vr^ vr^ 

(92 A1 


<9 1 

<92Ao - 


Vl -r/2 


Vl -d2 


and 


F^ - 
■^13 “ 


VT^ 

d 


Vl -r/2 


i-P’03 + 


1 


vr^ vr^ 

Finally, we have for i, j >2 that 


Fn, F‘(. = - 


d „ 1 „ 

zFpA + , ^ Fia. 


Vl -d2 Vl -r/2 


F^ - F-- 


4(^2 _ 8 J 


In summary, we have found that 

(817) Z +f-y - 

«,y3 O',/? “ y=2 “ ;=1 

We have to earry out the analogous eomputations for the part of the energy assoeiated with the 
sealar field (p. Here we have 


\{dt + iAQ)(p^f + |(5i + /A[)/ 
1 „ d 


:<9f^ 


Vl -r/2 Vl -d2 


+ i 


1 


iAq 


Vl -r/2 Vl -d2 


" A.)/ 


+ 


-dt(p + 


1 


Vl -r/2 Vl -d2 


5i(^ + /I 


:Ao + 


1 


Vl -r/2 Vl -r/2 


am 


l^(\Do<l>\^ + |Di<^p) - ReiDpcpDM 
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and for j = 2,3,4, 

\{dj + = |Dy0|2. 

Thus, we obtain that 

(8.18) - 2] |D„0p + -^^(|Do0p + |Di,^| 2) - Re(Do0^). 

a a 

The assertion now follows from (18.171) and (18.181) . □ 

The identity (18.161) strongly suggests that if it is impossible to lower the energy by means of 
a Lorentz transform of the form (18.151) for very small d with a suitable sign, then the momentum 
must vanish. To make this observation rigorous, we also need to establish a relation between the S ^ 
norm of an admissible global solution (A, (p) to MKG-CG and the S ^ norm of a suitable evolution 
of the data (A^, d>^)[0] obtained from the Lorentz transformed solution Here we first 

observe that for an admissible global solution (A, 0) to MKG-CG, the Lorentz transformed solution 
(A^,d>^) is actually globally defined. We can therefore consider the data pair (A^,d>^)[0] and note 
that (A^,d>^)[0] is C“-smooth, but not in Coulomb gauge. Moreover, if {t,x) € are restricted 
to a space-like hyperplane containing the origin, then we have 

\Fjk(,t,x)\ < (1 -F Id -I- |.r|)“^ 

for 7 , k € {1, ■ • ■, 4) and any N > 1. From the equation satisfied by Fap we obtain after integration 
in time that 

\FQk{t,x)\ < (1 -I- Id -F |.r|)“^ 

for k = 1, • • • , 4. Thus, the curvature components of (A^, (;6^)[0] decay like as |a| —> oo, which 
ensures L^-integrability, and the components decay rapidly with respect to a. In particu¬ 

lar, upon transforming (A^, 0^)[O] into Coulomb gauge, it is meaningful to consider its MKG-CG 
evolution and its S ^ norm. Then we prove the following technical 

Proposition 8.7. Let (A, (p) be an admissible global solution to MKG-CG and let L : 
be a Lorentz transformation of the form (18.151) for sufficiently small \d\. Let (A^, di^)[0] be the 
data pair obtained from the Lorentz transformed solution {A^,(p^). Assume that (A^,d>^)[0], when 
transformed into the Coulomb gauge, results in a smooth global solution {A^,f^) to MKG-CG 
satisfying 

\\{A\f%,<oo. 

Then we have for the original evolution (A, cp) that 

||(a.«||j,<c(||(aF0'')||j„z.). 

We defer the technical proof of Proposition 18.71 to the end of this subsection and first prove 
Proposition 1 8.5 1 bv combining Lemma [8^ and Proposition 18.71 

Proof of Proposition 18.51 In order to be able to apply Proposition 18.71 we have to use smooth solu¬ 
tions that are globally defined, because otherwise we cannot meaningfully apply a Lorentz trans¬ 
formation. In fact, we may exploit that by the preceding Lemma (8^ the function 4)“ is compactly 
supported, which means that its Fourier transform cannot also be compactly supported (we may of 
course assume [0] to be non-vanishing, since otherwise, the solution extends trivially in a global 
fashion and cannot be singular). But then, truncating the data (JA“, <1'“)[0] in Fourier space as in 
Proposition 15.11 and the discussion following it, we may construct a sequence of smooth Coulomb 
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data (A„, 0„)[O] converging to (1)°°)[0], and if necessary, multiplying the 0„[O] in the resulting 
(An, 0„)[O] by a small scalar A„ € [0,1] with /l„ —> 1 as n —> cxj, we may force that for all n > 1, 

(8.19) E{An,(t>n) <Ecrit- 

Note that then the perturbation theory developed in Proposition 15.11 still applies in relation to 
(^oo (jjoo)^ since we have not changed the data for A„. This means that the data (A„,^„)[0] do 
admit a global MKG-CG evolution by definition of Ecrit, and can thus be Lorentz transformed. In 
order to justify various conservation laws for the Lorentz transformed (A„, 0„), we observe that we 
may also localize the data (A„,0„)[O] in physical space to a sufficiently large ball, using the argu¬ 
ment in Subsection 15.21 as well as f?! such that the Lorentz transformed solution also has compact 
support on bounded time slices, and we still have the above inequality (18.191) for the energy. 


We make the hypothesis that the momentum of (Jl°°, 0°°) does not vanish. Then without loss of 
generality, there exists y > 0 such that for all sufficiently large n, we have 


(8.20) I® EnfljEn.ij + Re {{dt + iA„fi)(f>„(di + /A„ 4 )<^„)j(t, x)dx > y, 

where En,ai 3 denote the curvature components of (A„, 0„). It suffices to show that a suitable Lorentz 
transformation L of the form (18.151) exists such that the transformed solutions (A^, (/>^) to the 
Maxwell-Klein-Gordon system have energies 

(8.21) £(A^, ,^^) < Ecrit - K(y, JT, <1)“) 

uniformly in n for some K(y,^°°, 0°°) > 0. Then, upon transforming (A^, <;f'^)[0] into the Coulomb 
gauge, we obtain a global solution to MKG-CG with a finite global S ^ norm bound, and using 
Proposition [SiTJ we can infer a global S ' norm bound for (A„, 0„) uniformly in n, which contradicts 
that (JA“,<1)“) is a singular solution. To implement this strategy, we combine the argument for 
Proposition 4.10 in IfTOll with Lemma 1831 

By energy conservation for (A^, 0^), we have the relation 


i£(A„^0„^)(O) = £ E(Ai<p^Xt)dt, 

where we recall that for a solution (A, 0) to the Maxwell-Klein-Gordon system the energy at time 
t e R. is given by 

E(A, (p)(t) = ^ ^ 2 \Da£(t, x) dx. 

According to Lemma [831 we can write 

\e{aI<i>'X)( 0) = h +/ 2 , 


h - 


f f {\YFlaB + \y^\ida + iAn,a)(t>n'\\E(t,x))dxdt 

Jo ^ a ’ 


(fi f* ^ ^ 

Jo' + Kij) + + /A„,„)0„f )(L(t, X)) dx dt 


where 
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and 


h = J' J'jS] j + Re {{dt + iAn,o)(f>n{di +iAn,\)(l)n^{L{t,x))dxdt. 


We recall that the above integrands are evaluated at 

t — dxi xi - dt 


L{t,x) = |- 


I,V2,X3,X4 . 


Vl -d2’ Vl - 

Next we compute the derivative of Ii + I 2 with respect to d. To this end we note that for a regular 
function / of compact support, it holds that (see page 173 in IfTOl l 

d C* \ d f* 

— I f{L{t,x))dx = — - -rr— I xif(L{t,x))dx. 

od Jr4 \-d^dt Jr4 

Using our assumption that the spatial components of A„ as well as (pn are compactly supported on 
fixed time slices, we thus obtain 


d 


fo ft £4 2] + I ^ iA„^a)(f>nf){L{t,x))dxdt 


+ 


2 d 


and 

d 


= -(1 


(1 - r / 2)2 

d^ 

“ (1 - 

2 + 2^2 


14 1 

f f + iAn,a)(pnf\{L{t, x)) dxdt 

Jo JR^''y=2 ’ ’ ff=0 

d r / ^ 1 

J * J 4 ^^r>,a)(f>nfyL{t, x)) dxdt 

1—2 ( T —0 


+ 


2 1 4 

^2 £ £ 41 ^ PnS)jPn,\j + Re((J, + iAnfl)(l>n(.di + /A„j)(; 6 „)j(L(f, x)) Jx Jf 

I 4 

pi f Xi(^ FnS)jFn,\j + Re ((5< + /A„,o)0«(^i + x)) Jx Jf. 


(1 - J 2)2 


But then 
d 


^(/l + /2) 

dd 


d=0 




+ /A„,«) 0 „| (f,x)Jx 


a,jj 

-1 - 4 


f= 


1=0 


*y0 ^ / = 1 ^ 


J= 

Using the weighted energy identity (18.51) (for 7 ? —> 00 ) and (18.201) . we conclude that 
-1 - 4 


d 

^Xh + h) 
dd 


= - f f ('yF„fijF„jj + Re((dt + iA„^o)<Pn(di + iA„j)(p„))(t,x)dxdt < 

d =0 Jo Jr^''^ ^ 4 

uniformly for all sufficiently large n. Also, by energy conservation for {An,^n)^ we have for all r, 
that 

(/l + l 2 ){d = 0) = -E{A„,(p„) < -Ecrit- 
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Hence, we can find a small d > 0 so that 

0^)(O) < ^E„ii - K 

uniformly for all sufficiently large n for some k = , <1)“°) > 0, which yields (18.211 ) and thus 

finishes the proof of Proposition 18.51 □ 

We next state the analogous result to Proposition 18.51 when is infinite. Its proof essentially 
follows the argument of the proof of Proposition 4.11 in lITUl using the same modifications as in the 
preceding proof of Proposition 18.51 


Proposition 8.8. Let be as above. Assume that - [0, oo). Suppose in addition that 

A{t) > do > 0/or all t > 0. Then we have for k = 1,..., 4 and all t > 0 that 

(8.22) + Re x) dx = 0. 

It remains to give the proof of Proposition 1 8.7 1 


Proof of Proposition I& 71 We are given an admissible global solution (A,/) to MKG-CG and a 
Lorentz transformation L : of the form (18.151) for small J e R. Applying the Lorentz 

transformation L to (A, /), we obtain a global solution (A^, to the Maxwell-Klein-Gordon sys¬ 
tem. Next we define the gauge transform 

4 

y = Y,^-\diA\) = A-\d'A\) 

i=i 

and set 

A^=A^- day, a ^ 0,1,..., 4. 

Then (A^, is in Coulomb gauge and a global solution to MKG-CG. By assumption we have that 

<cx’- 

Now the difficulty in controlling the S ^ norm of (A, /) is that this norm is far from invariant under 
the operation of Lorentz transformations. Nonetheless, one can establish control over a certain set 
of norms of (A, /) that are essentially invariant under Lorentz transformations, and which in turn 
imply control over the full S ^ norm of (A, /). We do this in the following observations. 


Observation 1: For C = C{L) with C{L) oo as L ^ Id, i.e. as d ^ 0, we have the bounds 


(8.23) 


I 

(X ^^kQ\k+l:C.k+CY^^\ a.h) ~ 


(8-24) ^ 

AeZ 

for some y > 0. Similarly for A^, we have the bounds 
(8.25) 




1 


( y 2 xPkQ[k+tc,k+C]^^\L^Lf ' - 

tez 




(8.26) 
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Moreover, we have the bounds 


(8.27) 

(8.28) 



< 




1 > 


ke1 


< 




1 > 


Here the implicit constants may also depend on ||(A^, 0^)||^i. 


Proof of Observation 1. We first derive suitable estimates on the gauge transform y, which will then 
allow us to obtain the claimed bounds in the statement of Observation 1. To this end we compute y 
in terms of A^, for which we already have good bounds by assumption. Note that in view of (18.141) . 
we have 

(A^)^^' - A - (V,,y)^"' - A - V,,(y(L-i-)) 

and so we get 

y(L-i.) - 

Thus, we find 

y{t,x) = -{A-^d\iA^t^')if{t,x) = -{A-^d'iiA^t^')i){L{t,x)). 

Now for any fixed dyadic frequency € Z, we can write 

(PkA^^d\{A^)^ )Xt,x)= f m[{a){{A^)^ )i{t,x-a)da 

JR* 

for suitable L].-functions m[(fl) with L].-mass ~ 2 ^^, and further 

{PkA~^d\{A^)^ )/'j {t,x) = ^^m[{a)({L~^iA^)lft,x)-L~^{0,a))da. 

Also, if 7 < ^ + for suitable C = C(L), then Fourier localization to dyadic modulation 2^ and 
spatial frequency 2^ essentially commute with the Lorentz transformation, provided C is not too 
large depending on d, and so we have 

(PkQjA-^d\{A^f^'))'^{t,x) - P,( 27 (j^^m[(a)(P,+o(i)< 27 + 0 (i)(a“')'A^)/(h^) -2^“'(0,a))^/a), 


where we note that the right hand side is a linear combination of all the components (A^)^,. This 
immediately implies for j <k + that 


22A 




0,4 • 
xj- 


Similarly, one shows that for j > k + C we have 


25^HP4e/V2y||^,^,<2^-^]|PyV,,A 


In fact, here, the very large modulation j then gets transferred to the frequency after Lorentz trans¬ 
form. Finally, for the expression PkQ\k+t-ck-¥C]y’ Lorentz transformation may lead to small 
frequencies < 2^, which is why we can only place the expression into then via Bernstein, i.e. 
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One also infers by similar reasoning that 


(Z 

keZ 


L^LlnL^wF 


iJ < 


as well as 


\\PkQ<k^^c'^t,x7\\j^«j2 < \\Pk^o{i)A^ 


iL-TLl' 


With these bounds on y in hand, we can now start the derivation of the bounds for - e 
For 7 < ^ + 5 C we write 

PkQjie-‘^^) = PkQjiP<j-2oQ<j-ioie-‘^)^^) + PkQj{P<j-2oQ>j-io{e-‘^)^^) 

(8.29) 

+ PkQj{P>j-2o{e-'^)cP^). 

For the first term on the right, we have 

PkQj{P<j-2oQ<j-io(^~‘^)^^) - PkQj{P<j-2oQ<j-io(^~‘'^)Pk+o(i)Qj+o(i)^^)’ 
and so we infer 

(8.30) 2yp,^,PtQj{P<j-2oQ<j-io(e-‘^)nL^L^ ^ \\Pk^tJ^\\ o,* ■ 

^ ^ ^oo~ 

For the second term on the right hand side of (18.291 ). we write schematically 

P,( 27 (P< 7 - 2 o! 2 >;-io(e“'''#) = 2-^F,(2;(F<7_20<2>7-io(5ir^“'’')^^) 


and so we get from the preceding 

25^1|V,,F,(27(P<i-2o!2>i-io(^“''')0^)|L2^2 

(8.31) < 2-2j ■ 2-^\P<j^2oQ>j-ioid,ye-’^)\l,^s^^^^^^ 

For the last term on the right hand side of (18.291 ). write it as 

20 PkQj{P>}-2oie-’^)^^) = PkQj{P[j-20,k-m(.<^~‘^)^'^) + PkQj{P[k-mMm(e~'^)^^) 

(8.32) . 

+ PkQj{P>k^iQ{e-'y)cp^). 

The first term on the right is bounded by 

2 2 .^11 V xPk 2,/(.f’[,;-20,I:-10] 11^2 ^2 

(8.33) <25^'25^2-^]|P[7_2o,i-io](V,rp-''^)||^2^s||V,P^0^||^„^^ 

For the second term on the right hand side of (18.321) . we write it schematically as 

PkQj{P[k-wMm^^~^^)^^) 

- 2~^PkQj{P[k-WMm^xyP<k-2QQ<k-2o{e~^^))P<k+2Q^^) 

+ 2^^PkQj{P[k-WMW}^ x'yP<k-2QQ>k-2o{e~^^))P<k+2Q^^) 

+ 2~^Pk Q jiP[k-W,k+m (^ x7P>k-2oi^~‘^))P<k+20^^) ■ 


(8.34) 
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Then we estimate the first term on the right of (18.341 ) by 

2 ^-^11V x'^~^Pk Q jiP[k-lO,k+m xyP<k -20 Q<k- 2 o{e~‘^))P<k+ 20 ^^ 

+ 22''||P[i:-lO,j(:+lO]Vxy||^2^4+||P<A:+2o2>t:0^||^~^4- 


(8.35) 


rz^ll lliz^ll 


s 2 ’'-'-‘'||A.o,i,v,a 11^, 

Further, we get for the second term on the right of (18.341) that 

-k 


(8.36) 


22-^||V;c 2 ^Pt:G;(P[*:-10,t:+10](VxTP<<:-2o2>A:-2o(^ '^))P<«:+2O0^)||^2^2 

< 2-'-^||p^+O(i)V^y||^2^s||5fy||^2^8||P<^+20^^|| f 

' X f -I 

The third term on the right hand side of (18.341) 

2~*P/t2;(P[it-10,t:+10](Vji:yP>it-20(^^~‘^))P</t+20^^) 

is handled similarly, which concludes the treatment of the contribution of the second term on the 
right hand side of (18.321) . namely 

PA:2XP[t:-10,t:+10](^~'^)^^)- 

To treat the third term on the right hand side of (18.321) . i.e. the high-high interaction term 

PkQjiP>k^io{e"^)^^), 

we write it schematically as 

PkQj{P>k^io{e-'^)~^^) = Yj PkQj{Pk,{e-‘^)Pk,^^) 

ki>k+lO 

ki=k2+0(\) 

= Y ^^’''PkQjiPk,(yxye-‘'^)Pk2~^^) 

ki>k+lO 

ki=k2+Oil) 


and so we can estimate this by 


(8.37) 


25^1|V, 


ki>k+iO 

ki=k2+0{l) 


Combining the bounds (18.301) - (18.371) and square-summing over k, the estimate 


(S 


t,xPkQ<k+ic^ 


1 

L ||2 ''2 




1 < 


lo'-.yiiL. 


with implied constant also depending on ||(A^, 0^)||^i easily follows. We omit the estimate for 

I 

||Vf,;fP/t 2 >/t+C 0 ^|| 04 ) 

Tsz ' 

as it is similar. This proves the first bound (18.231) in the statement of Observation 1. 
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Next, we turn to the proof of the second bound (18.241) and consider 

+ PkQ [k+ ^ CMC] (P<k -20 Q>k- 2 o{e~'^)^^) 

+ PkQ[k+ i CMC] iP[k- 20 M 2 Q] 

+ 'Plc2[yt+ic,jt+C]('^>^+20(^ )• 

Each of these terms is straightforward to estimate. For the first term on the right, we obtain 


(8.38) 


\\PkQ[k+kcMC](P<k-2oQ<k-2oie '’') 0 ^)|| < \\Pk+o{r)Qk+o(\)^‘ 


LfL] 




2iv-l)k 


Also, we get 

\\PkQ[k+i CMC] (P<k -20 Q>k- 2 o{e~‘^)^^ 


L^lP 


~ 2 ^||^/r||i 2 ,.)|A+o(i) 0 ^ 


and 


||A!3[t+4c,i+C](^|f-20,i+20](22 ~ 2 ‘'||Viy||^,,^s||P<i+O(l)0^|f«i4+ 

/<jt+ 0 (I) 

The last term on the right hand side of (18.381 ) can be handled similarly. These estimates then yield 
the second inequality (18.241) of Observation 1. 

We also observe that the estimates on y established earlier yield the required bounds (18.251) and 
(18.261) for + '^t,xy- 

Now we turn to the last bounds (18.271) and (18.281) in the statement of Observation 1. We only 
prove (18.271) . the proof of (18.281) being similar. We write 

PkQ<k+ic‘^^ - PkQ<k+ici^<k-w(A~''^)^^) + PkQ<k+ic^P[k-mMm^^~^'^)^^) 

(8.39) ■ " ■ " . , ■ " 

The first term is directly bounded by 

(8-40) ^xPkQ<k+^c^P<k-\o{e~'^)^^)\i«i2 ^ ||V;cPi:+o(i)0^||^oo^2- 

The second term on the right of (18.391) is a bit more complicated. We write it schematically as 

PkQ<k+^^C^P[k-\QMm 

= Pk Q<k+ i-ci'^~^P[k-\0Mm xje~'^)P<k+o(\)^^) 

- PkQ<k+ i-cOP^P[k- I0,4t+10](V x7P<k-3oQ<k-30ie~‘^))P<k-30^^) 

+ PkQ<k+^c(^~''Plk-WMm('^xyP<k-30Q>k-30(^~'^))P<k-30^^) 

+ PkQ<k+^c('^~''Plk-WMm('^xyP>k-30(e~^'^))P<k-30^^) 

+ PkQ<k+^c^^~’^P[k-WMm^ xyP<k-3(){e~'"^))P>k-30^^)- 


(8.41) 
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Then we get for the first term of the last list of four terms 

'i-k I 


xPkQ^k+^c^'^ P[k-\o,k-^m^'^xyP<k-^QQ<k-^^){e '^))P<k-3o^ 
^ I15,*:+15] 2<i+ iC+5I^,00^2 \\P<k-30^^ 


(8.42) 


Il"L“ 


< 


lln^ 


l<k-30 

^ ||^*:+O(l)VxA^|| 5 l|| 0 ^||^l, 

where we have taken advantage of our previous considerations on the structure of y. For the second 
term on the above list (18.411) . we get 

\\^xPkQ<k+kc('^~’'P[k-W,k+m('^xyP<k-3oQ>k-3oie~‘^))P<k-30^^)\\l^«l2 



pxPkQ^kvici^-^ 

(8.43) 

^ ||■P<*:+0(l)Vx■y||^ 


^ Z 2 - 


l<k-30 

The term 



PkQ<k+^c(^ ^P[k-lO,k+m(^xyP>k-3o(.<^ ‘^))P<k-30^^) 


is handled similarly. Finally, we have 


(8.44) 


\\^xPkQ<k+lc('^ ^P[k-10,k+iO]('^xyP<k-3o(e ‘^))P>k-30^^ 


< 


\\Pk+o(i)^xy\\L^L4\\Pk+o(i)^\«Lr 
The bounds (18.401 ) - (18.441 ) suffice to perform the square summation over k in the last inequality of 
Observation 1. The last term on the right hand side of (18.391 ) 

PkQ^k^^.c(P>k+ioie-^^)^^) 

is treated similarly and hence omitted here. □ 

Observation 2: VTe have the bound 

ki<k2 

Moreover, for any L}-space-time integrable weight function m{a), a e we have 


y2-^' r 

k^k2 


- a)Pk 2 Qlj^^^i^^^t,x<p\- - a) da 


< 




LjLl 

L 


Similar bounds can be obtained upon replacing one or more factors by A^. We make the crucial 
observation that these bounds are essentially invariant under mild Lorentz transformations. Thus, 
we infer similar bounds for A and f. 


Proof of Observation 2. Here one places the low frequency input 
into L^Lf and the high frequency input 
into by using Observation 1. 
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Using Observation 1 and Observation 2, we ean now move toward eontrolling the norm ||(A, 0 )|| 51 . 
From above, we know a priori that we eontrol 

[ 


keZ 


as well as norms of the form 


k{ <k2 


(p (• - a) da 


1/2 


The latter has the erueial divisibility property, i.e. for any d > 0 we ean partition the time axis 1 . 
into intervals I\,l 2 , ■ ■ ■ ,lki, with N depending on the size of the norm as well as 6 sueh that we have 
for eaeh n - . ,N that 

r 2 \i/2 

h<k2 

Of eourse, we get a similar statement for weakened versions of the former norm sueh as 

_i 

keZ 

In order to infer the desired S ' norm bound on (A, 4>), we shall partition the time axis R into finitely 
many intervals /i,..., /at, whose number depends on 

and sueh that on eaeh of these we ean infer via a direet bootstrap argument a bound on 

ll(2f,0)ll5i(/„xRh- 

This will then sufhee to obtain the desired bound on ||(A, 0 )|| 51 (rxr 4 ). We do this in two steps, whieh 
we outline below. 

Step 1 : Given di > 0 and 62 > 0, using the known a priori bound on ||(A^, 0^)||^i and choosing the 
intervals /„ suitably as above (whose number will depend on 61 , 62 , as well as the assumed bound 
on 1 ), we infer from the equation for A, upon writing 

A\i - 

that there exists a decomposition 

^nonlin,{In) _ ^lnonlm,{In) ^2nonUn,{In) 

where we have schematically 

^Inonlm _ ^ PkQk+0(l){Pk+0{l)Q<k-Cif'^xPk+0{l)Q<k-Ci(p), 
k 

while we also have the bound 

+^2(ll(A,<^)||5l(/„XR4) + ll(A,0)ll5l(;^XR4)) 
for all n = Moreover, it holds that 


Ih 


Inonlin I 


ll5H/«xR4) 


<di 


for all n = 
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The idea behind this bound is to insert it into the equation for 0 and pick 6 i, 62 small depending 
on E„if 


Proof of Step 1. We proceed as in the proof of Lemma l7!6] and write the source term in the equation 
for A in the schematic form 

□A, -A-^V''Mr(0,0)+A|0p. 

Localizing this to frequency k = 0, we write the right hand side in the form 

0 ) + A| 0 | 2 ) - Po( 2 ] E-'S!^Nir{Pk,f,Pk^l>) + Pk,APk,fPhf\ 

^kiM kiMM 


We first deal with the quadratic null form term and reduce this to moderate frequencies by observing 
that for C = €( 62 ) large enough, we obtain (for a suitable absolute constant cr independent of all 
other constants) 


2] Po{A-^rNir{Pk,f,Pk 2 <f>)) 

\ki\>C,k2 


No 


ki>C 


Generalizing to arbitrary output frequencies, one easily gets from here the bound 



Next, we pick Ci = CfEcrit) such that 


Po( 2] A-^VNir{Pk,Q>C,f,Pk2f)) 

\ki\\k2\<C 


\h\\k 2 \<c 


and generalizing to general output frequencies, we then reduce to 

^ AT^SJ’Nir{PkiQ<ki+Ci<t>,Pk2Q<k2+Ci<t>)\- 
k ' \ki 2 -k\<C 


Depending on our choice of Ci, we may assume the Lorentz transform L to be chosen sufficiently 
close to the identity, i.e. \d\ sufficiently small, such that according to Observation 1 we have 

I 

{^Y^\PhQ[h-ci,ki+c,f^t,x4>f^o,}^ ^ ||(A^^^)||^l. 
h 


As observed before, this norm has the divisibility property, so that restricting to suitable time inter¬ 
vals In,n = \,... ,N, which form a partition of the time axis R, we may assume 




X„2(/„xRh 


< 82 


for all n = 1,..., N. But then we easily infer the bound 


Fol Z 

l^ilA2l<c 


Nir{PkiQ[ki-ci,ki+Ci]<P,Pk24>. 


Ao(/„xRh 
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and this suffices again, after generalizing this to arbitrary output frequency. In fact, we get 







We have now reduced to the expression 


^ A ^'^''NiriPkiQ<ki-Ci(l>,Pk2Q<k2-Ci(f>)\ 
k ' \ki,2-k\<C 


The last reduction here consists in removing extremely small angular separation between the inputs 


PkiQ<ki-Ci(l>, Pk2Q<k2-Ci(l>- 


Thus, there exists C 2 = C 2 (d 2 ) such that we have 


Po 


z A- 

\ki.2\<C 


Nir{PkiQ<ki-ci<P,Pk2Q<k2-Ci(t>)\ <62^^ 

\h,2\<C 


where the prime indicates that the inputs are reduced to have closely aligned Fourier supports of 
angular separation Finally, we write 

'y, l^ir{PkiQ<ki-Ci<P,Pk 2 Q<k 2 -Ci<t>^ 

\ki,2\<C 

= Po{^~^'^’^ Nir{PkiQ<ki-Ci<t>,Pk2Q<k2-Ci4y\ 

\ku 2 \<C 

+ !^ir{PkiQ<ki-Ci<P,Pk 2 Q<k 2 -Ci<t>)\ , 

\ki.2\<C 


where the second term is of the form as required for Step 1. In fact, the angular separation 

of the inputs and small modulation forces the output to have modulation ~ 1. Moreover, replacing 
the output frequency by k and square-summing over k results in a small norm due to the fact that 


y^ Fo|a Nir{PkiQ<ki-Ci<P,Pk2Q<k2-Ci<t>^ 

\h. 2 \<c 


IAo(/„xRA 


< 


y^ Po(a Nir{PkiQ<ki-Ci<P,Pk 2 Q<k 2 -Ci<t>^ 
\ki,2\<C 


\L}Ll(InySL*) 


and we can then take advantage of Observation 2 to obtain 


( y, I y, Pk{^ Nir{PkiQ<ki-Ci(l>,Pk2Q<k2-Ci<P)\ 


2 

vq/„xRh 



by choosing the intervals /„ suitably. The cubic term Yjki 2 i PkiAPk 2 (t>Pk 3 (t> is handled similarly. □ 
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Step 2: Choosing the time intervals 1„ suitably as in Step 1, we obtain the equation 


keZ 


where we have 

ll-f’llAttiXR'*) ^ + <52(ll(A,0)||5i(4xR4) + Ik"^’ ^)|l5i(/„xR''))’ 

where is the free wave evolution of the data for A at the beginning endpoint off- 

Proof of Step 2. This to a large extent mimics the argument for the proof of Proposition [731 In fact, 
we recall from there that we can write F = X/tsz F'k with 

Fk — —2iPli{A^i^^d''f') — [Pk, □^/ree]0 — PA:((t3A ~ ^3^/™ )0) 

’ ^<k 

+ Pk{a free f + liiAl^^ld" f) - UAfreef). 

<k ~ ’ 

As usual, we treat each term separately. 

First term. Similar to the proof of Proposition 17 .51 we reduce it to 

- 2 iPk{Pk+ 0 (\)Mv‘^‘^^''^k+ 0 (l) 4 ') 

up to terms satisfying the conclusion of Step 2. Then using divisibility for the norm 

Z 2 -iiAAriik, 


keZ 


as well as the inequality 

^ -2/P^(P/t+o(i)A^'^“5''P/t+o(i)0) 


< 


At/nXR"') 




keZ 


ll 0 lls'(/„xR‘*)> 


we get the conclusion of Step 2 by choosing the intervals /„ suitably and by subdividing the intervals 
obtained from Step 1, if necessary. 

Second term. This is handled like the first term, since it can be written in the form 


2] Pk{2N. 




Third term. As usual this term is the most difficult one, since it contains 

2]2/P<,Ar"'”5^P^0. 

keZ 

We essentially follow the reductions performed in the proof of Proposition 17.51 whence we shall be 
correspondingly brief. 

Reduction to Using the same notation as in that proof and restricting to frequency k - 0, 

and also keeping in mind Step 1, we get 

Pof) - -K*Po<^)L(/„xr4) 

Hence, replacing the output frequency by general k € Z and square-summing gives the bound 
^ II('^>0)II5‘(7„xR4)(<^1 + <52(II(A,<;^)IIs1(7„xR 4) + ll('^’^)ll5i(/„xR4)))’ 
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which is of the desired form. This then reduces the estimate of 

to the contribution of whose explicit form we recall from Step 1. This means we 

have to estimate the expression 

(1 PkQk+o(i)iPk+oii)Q<k-ci<P'^ xPk+o{\)Q<k-ci4>)'^ t,j(PoA- 

k<0 

The idea here is to use the a priori bounds from Observation 1 and Observation 2 to arrive at the 
required estimate. For this, we split the above expression into the following 

(1 - ^*)(^ PkQk+oii)iPk+oii)Q<k-ci<P'^xPk+o{i)Q<k-ci4>)'^t,j(PoA 

' k<0 

- (1 PkQk+o{i)iPk+oii)Q<k-ci<P'^xPk+oii)Q<k-ci4>)Q[^c,c]'^t,xPoA 

^ k<0 

+ (1 - 'P{*)('^u~^ PkQk+o{i)iPk+o{\)Q<k-Ci4>^ xPk+o{i)Q<k-Ci(t>)Q[k-Ci,^c]'^t,xPoA 
k<0 

+ (1 - ‘K*)( ^ PkQk+o{\)iPk+o{\)Q<k-Ci4>'^ xPk+oii)Q<k-Ci<P)Q<k-Ci'^ t,xPoA 

^ k<0 

+ (1 - P(*)( ^ PkQk+o(\)iPk+o(i)Q<k-Ci4>'^ xPk+o{i)Q<k-Ci<P)Q>c'^ t,xPoA 

^ k<0 

= / + // + /// + IV. 


We now estimate each of the terms on the right in turn. 

Estimate of term I. We distinguish between very small k and k = 0(1). In the latter case, we 
schematically estimate the term in the following fashion. We shall suppress the distinction between 
space-time translates of f and f, as our norms are invariant under these, and also keep in mind that 
the operator 

1=1 ^PkQk+0(l) 

is given by (space-time) convolution with a kernel of L^-mass ~ 2“^^. Then we get in case k = 0(1), 


(1 - 'Pl*)i V □ ^PkQk+o{\){Pk+o{\)Q<k-ci<P'^xPk+o{\)Q<k-ci 4 >)Q[Lcc}^t,xPt)A 

^ / A(/„xRh 

< (1 -'K*)( V PkQk+o{\){Pk+o{\)Q<k-ci<P'^xPk+o(\)Q<k-ci4>)Q\ict,xPt)A 

< 2~^^\Pk+o{\)Q<k-ci<l>\iiiJ^'^xPk+o{\)Q<k-cif Q[ic,c]^t,xPo4’\i2i2- 


Here the second factor is essentially invariant under mild Lorentz transformations, and so we get 
(up to changing the meaning of the constants slightly) 

||VxF^+O(l)2<I:-Cii^G[lC,C]^'A-f’o0||^2^2 ^ xPk+0{l)Q<k-Cif^ G[^C,C]^lA-f’<O(l)0^||^2^2- 

We estimate the last norm using Observation 1, resulting in the bound 

||VA:FA:+o(l)2<yt-Ci02[lc,C]^fA-f’o0||^2^2 ^ ||V;(:P^+0(1)G<yfc-Ci1|G[lc,C]^'A-f’<O(l)0^|| ^ | + 
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Then by divisibility of the norm 


\ xPk+0{\)Q<k-Ci(pQ[l-C,l+C]^t,xPl(p\i2i2^ 


/eZ k-l=0{\) 

we arrive upon suitable ehoiee of the intervals /„ at the eonelusion that 

i;(i-'W)( i; □ ^PkQk+o(\){Pk+o(\)Q<k-Ci<t> 

teZ 3A:-/|=0(1) 


• xPk+o(\)Q<k-Ci<P)Q[i+ic,i+c}^ t,xPi<P 




^ ^2ll0lls‘(/„xRh- 


This eompletes the eontribution of the term I when k = 0(1). On the other hand, when k -1, the 
smallness gain eomes direetly from k. Indeed, we ean then estimate 


(1-'H*)( V □ ^PkQk+o{i)iPk+oii)Q<k-ci<P'^xPk+oii)Q<k-ci4>)Qacc]'^t,xPo4>] 

I ^ > n(/„xr4) 

k^-l 

~ l|■^O0||5.l(/^xR4)ll^lls‘(4xR4) 

k-«.-l 

Replaeing Pocf) by Pi^, Z e Z, and square-summing over I results in the desired bound. This eom¬ 
pletes the estimate for term I. 

Estimate of term 11. Here we use the bound 

(1 - V ^~^PkQk+o(i){Pk+o{\)Q<k-Cif'^xPk+o{\)Q<k-Ci(l>)Q[k-2c ^-c]^t,xPo<t\ 

^ ’2 > J iV(/„xR 4 ) 

~ ^ l|■^*+O(l)G<*-Cl0||^2^oo(;^xR4)ll^-f■^<:+O(l)2<*:-Cl0||^»^»(/^xR4)l|2^^^A■f’o0||^2^2(;^xR4)• 

k<0 

le[k-2CfC] 

Now if we further restriet the above term to |^ - Z| » 1, we easily bound it by 

- - ‘^2110115 1(/„xR4)’ 


whieh is as desired. On the other hand, when restrieting the modulation of 2[,(--2c lc]'^t,xPo4> to 
I - k + 0(1), we use the faet that for k -I, 

\\^xPk+0(l)Q<k-CifQk+0(l)'^t,xPof\\i2i2 ^ xPk+O(l)Q<k-Ci0^Qk+O(l)'^t,xPof^\\i2i2 

^ \\Pk+o(i)Q<k-ci'^x(l>^\\^,^^^\\Qk+o(i)^t,xPo4>^\\i2^2- 

Then ehanging the frequeney 0 to general m eZ and using Observation 1, we infer 

^ '^~^^\\'^xPk+0(,l)Q<k-Ci(l>Qk+0(,l)^t,xPm4>\\]2[2 ^ <^(||(^^’0^)|l5l)- 




136 


CONCENTRATION COMPACTNESS FOR THE CRITICAL MKG EQUATION 


Also, the square-sum norm on the left has the divisibility property, whence by restricting to suitable 
time intervals we may arrange it to be 62 - Finally, we infer the bound 


^ (1-‘K*)| ^ □ ^PkQk+0(\)iPk+0{l)Q<k-Ci(p'^xPk+0{\)Q<k-Ci(p)Qk+0(\)'^t,xPm(l> 

m k<m-C 

I 

^ |^2“^||Pjt+O(I)2<Jt-Ci0||^2^«.j I ^ '^^^^\\^xPk+0(l)Q<k-Ci4>Qk+0(l)'^t,xPm(l>\\i2i2^ 




k<m—C 




Estimate of term III. This follows the same pattern as for term /, by placing the product 


xPk+0(\)Q<k-C if Q<k-2C'^ t,xP of 
into and using Observation 2. 


Estimate of term IV. Here one places 

' PkQk+o{ I) {Pk+o( i)Q<k-cif'^ xPk+o{i) Q<k-Ci 4>) 


into L^Lf and 


Q>c^t,xPof 


into L^lI, keeping in mind that C » Ci = CfEcrit) is very large. 


Reduction to Pof)- To begin with, recall the notation from the proof of 

Proposition l7.5l for the definition of the symbol El applied to bilinear expressions. To reduce to this 
term, we need to estimate the difference 




A(/„xR"^)■ 


Here we recall that 


as well as 


ElkMif,^) = ^ QjM{Q<j-c(t>,Q<j-cf) 

j<k+C 

ElM{f,f)= Yj ^kM{Pkif,Pk^f). 

k<k\ 2 -C, 

k<mm[k{,k 2 ]-C 


Then write for the spatial components of (/ - E{)P<oA"°’^^^’^’^P\ 


2] n-^PkP,{Pk,cf,V,Pk,f) 

k<0 

A:>max{^i ,k 2 ]-C 

+ Y a^PkQjPxiPkif^xPk^f) 

k<k\^ 2 ~C 

j>k+C 

+ Y ^~'PkQjPx{PkiQ>j-cfyxPk2f) 

k<ki, 2 -C 

j<k+C 

+ Y ^~^PkQjPx{PkiQ<j-cf'^xPk2Q>j-c<P)- 

k<k\ 2 -C 

j<k+C 
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For the first term on the right, employing notation introduced in |[22ll and also used in the proof of 
Proposition 17.51 we get upon further restricting to 

I max{^i 2 ) - min{^i_2}| » 1> 


the smallness gain 


2] n-^Pkr,{Pk,(t>^^Pk,(t>) 

k<Q, 

^>max{/:j ,kl\-C 



and the corresponding contribution to *pl*{{I - l-l)PP q(P) can then be bounded 
with respect to || • by 

which upon replacing 0 by general frequencies and square summing gives the desired bound. Sim¬ 
ilarly, for the remaining terms on the right above, one may reduce to k \2 - k + 0(1), see estimate 
(134) in i22i . Finally, in each of these terms, we may reduce the output to modulation ~ 2^, since 
else one gains smallness due to the null form structure for 




N(I„xRA 


Thus we have now reduced to estimating (and gaining a smallness factor) for the schematic expres¬ 
sion 


^ a ^PkQk+o(l)'Px{Pkl4>^xPk24>)^''Q<k-cPo4>■ 
k<o, 

kia=k+ 0 (r) 


Here we can suppress the operator □ PkQk+Oii)^ which is given by convolution with a space-time 
kernel of L'-norm ~ and then schematically estimate the preceding via 


^ n ^PkQk+o(\)Px{Pki4>^xPk2<P)d^Q<k-cPo<P 

k<0 

ki2=k+0(l) 


A(/„xR4) 


< ^ 2 ^’''\\Pki(p\\[2[^^p^^^4j\'^xPk2(PQ<k-cPo(p\\i2p2^j^^^4y 

ki=k2+Oil)<0(l) 


Here we exploit Lorentz invariance of the norm of the right factor to obtain 

2] 2-^^^p2cPk2<PQ<k-cPo4l2L^ ^ < ||(A^,0^)g,. 

k2<0 k2<0 

In fact, distinguishing as usual between different frequency/modulation configurations for either of 
the factors, one estimates the L^-norm of the input by placing the first input into L“ and the 
second into both of which are controlled by Observation 1. Using divisibility of the 

norm, it now follows that upon proper choice of the intervals In, whose number of course only 
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depends on ||(A^, we get the estimate 

^ n ^PkQk+o{i)'Px{Pki(p^xPk2(p)d^Q<k-cPo4' 

k<0 

ki,2=k+0{l) 


A(/„xR4) 


j. 1 

/:i<0 k2<0 

Of course, one gets the same bound upon replacing the frequency 0 by general Z € Z and square 
summing. 


As usual, similar reductions can be applied to the elliptic interaction term P^oAodtPoc/). 

Dealing with Here we exploit the null structure arising from 

combining the elliptic as well as hyperbolic terms, just as in the proof of Proposition 17.51 or as 
in 1221 ■ Correspondingly, we have to analyze three null forms, each in turn. 


The first null form. We can write it as 

^ PkQj{Q<j-cPki(pdaQ<j-cPk24>)d“ Q<j-cPof- 

j<k<0, 

ki,2>k+0(,l) 

From (148) in Il22l . it follows that we may restrict to j = Z:+C?(l), as otherwise the desired smallness 
just follows from the off-diagonal decay of the estimate (even without restriction to smaller time 
intervals). Furthermore, if k\,k 2 < 0, then we gain exponentially in the difference k - ki, while if 
ki,k 2 > 0, we gain exponentially in k. So we may furfher resfricf fo 

'Yj PkQk-¥0(\){Q<k-cPki‘t>daQ<k-cPk2f)d“ Q<k-cPof 

k<0, 

ki,2=k+0(\) 

and from here fhe argumenf proceeds exacfly as before by suppressing fhe operafor PicQk+o{i) 
and schemafically esfimafing 

\\daQ<k-cPk2f(^“ Q<k-cPo(f>\\i2j2 
using Observation 2, while placing Q<k-cPki<(>i^lk) L^Lf. 

The second and third null forms. These are freafed idenfically and hence omitted here. □ 


This complefes Sfep 2. Togefher wifh Step 1, fhe linear fheory for fhe operafor u^freePk and 
a sfandard boofsfrap argumenf, fhis yields fhe bounds claimed in Proposition 18.71 for fhe localized 
norms ||(A, t^)|lsi(7„xR4)- From fhere one can glue fhe localized componenfs fogefher fo gef fhe global 
bounds. □ 

8.2. Rigidity I: Infinite time interval and reduction to the self-similar case for finite time in¬ 
tervals. As in lITOl Theorem 5.1], our goal is now to establish the following rigidity result. 

Proposition 8.9. Let (ZA°°,<1)“) be as before with lifespan I = (-Tq, Ti). Then it is not possible 
to have Tq < oo or T\ < oa. Moreover, if A(t) > Aq > Q for all t € R, then we necessarily have 
(^^ 00 ,^ 00 ) _ (Q whence there cannot be a minimal energy blowup solution under the given 
assumptions. 
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We begin the proof of Proposition I8.9l in the case when = oo and A(t) > do > 0 on [0, oo). To 
this end we follow the method of proof in 1201 . which in turn follows the strategy in ifTOl . but also 
adds a crucial Vital! type covering argument that is inspired by the covering argument in Il42l . Using 
the assumption A{t) > do > 0 on [0, oo) and the compactness property expressed in Theorem 17.231 
we obtain that for any e > 0, there exists Roie) > 0 such that for all f > 0, 


dx < s. 


Then we have in perfect analogy with EOl Lemma 10.9] and ifTOl Lemma 5.4] the following 


Lemma 8.10. There exist ei > 0 and C > 0 such that if s & (0, £i), there exists Roie) so that if 
R > IRois), then there exists to = to{R, e) with 0 < to < CR and the property that for all 0 < t < to 
we have 


xjt) 

Ait) 


<R- Roie:), 


xjtp) 

Aito) 


R - Roie)- 


Proof We adjust the proof of 1201 Lemma 10.9] by using the weighted momentum monotonicity 
identity (18.61) from Proposition 18.21 To begin with, we show that there exists a > 0 with 

(8.46) (^^rofit,x)^ + \£>o(I>^it,x)f'jdxdt>a>0 


for all intervals 7 c [0, oo) of unit length. We argue by contradiction. Suppose not, then there exists 
a sequence of intervals Jn - [t„, t„ + 1] with —> cxj such that 

(8.47) f f (X + |2)oO“(t, x)f] dxdt < -. 

Jj„ / n 


For a sequence of times {sn}„ with Sn € the set 


AiSn)^ 





- xjSn) 
AiSn) 


1 

AiSn)^ 





- xjSn) \\] 
AiSn) //J, 


is pre-compact in (L^(R'^))^ by Theorem 17.231 Then by Corollary 16.31 there exists a non-empty 
open interval I* around t = 0 such that 


1 

d(5„)2 




+ td(5„) \ 


- xiSn) \ 
AiSn) ' 


converges to a limiting function 

(v,,,:?i;, v,,o*) € c°(7*,(l2(r4))5) 

as n —> oo in the given topology. (,^*,d)*) is a weak solution to MKG-CG on I* x in the 
Lj 77]-sense and satisfies the Coulomb condition. 


We now distinguish two cases: Either there exists a sequence of times {sn}„ with Sn € such 
that {Aisn)}n remains bounded or {d(5„))„ does not remain bounded for any sequence of times {s„}n 
with Sn € Jn. In the first case, noting that d(f) > do > 0, we may replace I* by a smaller non-empty 
time interval 7^ and assume that 

Sn + AiSn) 7^ C Jn 

for all n > 1. From (18.471) we infer that 



i^*Q<^*)it,x)^ dxdt = 0, 
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whence = 0 on x But then we have in the weak sense that 

4 

2] (dk + = 0 on / X R^ 

*:=I 

This implies <l>*|/txR4 = 0 and hence also 5r<l>*|/txR4 = 0. We conclude that {^*,(^*) must be 
a “trivial” solution in that the spatial components of Ji* are finite energy free waves, while the 
temporal component vanishes, and we have <5* = 0. But this solution has finite 5 '-bounds, which 
is a contradiction upon applying Proposition 17.201 


Next, we consider the case that {A{s„)}n does not remain bounded for any sequence of times {sn}n 
with Sn e J„. Then we essentially replicate the preceding argument, but need to also add a Vital! 
type covering trick. We write for each n > 1, 

= U 5 -p n 

SEjp 

Applying Vitali’s covering lemma, we may piek a disjoint subeollection of intervals with 

Is := [5 - /1(5)“', s + n Jn for some subset A„ c such that 

2] 5|/,| > 1. 

SEAfi 

It follows that we may piek a sequence of times with Sn ^ Jn sueh that we have 

r f (X + \Do^‘^{t,xf]dxdt = o(T(^„)-'). 

'Jhn ' 

In particular, we obtain 

fi x) dx dt ^ o(l). 


But then, passing to a subsequence, we may again extract a limiting function from 


1 


A{s„y 




- xjSn) 
A{s„) 


which yields a time independent solution and leads to a contradiction as before. 

This shows that (18.46b is indeed valid for suitable a > 0. We note that A(t) > Tq > 0 and that we 
may assume x(0) = 0. If the assertion of the lemma was false, then we would have 


x(t) 

A{t) 


< R- Rois) 


for all 0 < t < CR with C > 0 to be picked sufficiently large later on. We now use the weighted 
momentum monotonicity identity (18.6b to obtain a contradiction. In view of (18.45b . we conclude 
that the corresponding remainder term (18.7b satisfies 


r{R) < s. 


Now choose £ > 0 so small that we have for any time interval I of unit length, 

Z + |£>od>“(6 xf dx + 0(r(/?))J dt>^, 
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provided CR is sufficiently large. In particular, this implies 

^CRi 


X (£4 2] xf dx + 0(r(/?))J dt > ^{CR - 1). 


On the other hand, integrating 
-CR 


in time from 0 to CR, we find 


£ (£, Z + |2)oO“(t, xf dx + 0(r(7?))J dt < RE,rit 

with a universal implied constant. The two preceding bounds contradict each other for C large. □ 

To finish off the proof of Proposition I8.9l in the case when T\ - 00 and A{t) > Tq > 0 on [0> °°)^ 
we now use Proposition l8.8l to conclude a contradiction to the preceding Lemma [8. 101 


Lemma 8.11. There exist £2 > 0, R\{e) > 0, Cq > 0 such that ifR > Ri{s), to = tQ{R,s) are as in 
Lemma 15.701 then for 0 < £ < £ 2 , 

CoR 

to{R,s)>—. 

£ 

Proof. The proof proceeds exactly as in iflOl Lemma 5.5] using the weighted energy identity (18.51) 
and that the minimal blowup solution has vanishing momentum by Proposition 18.81 □ 


It remains to prove Proposition 18.91 when Ti < 00 . As in IfTOl and If20l . we first reduce this case 
to a self-similar blowup scenario. After rescaling we may assume that Ti = 1. We recall from 
Lemma [Q] that there exists a constant Co{K) > 0 such that 


0< 


Co{K) 
1 - t 


<m 


for all 0 < t < 1. Moreover, we know from Lemma [SA] that after spatial translation 


(8.48) 


supp(r„^(r,-),ffi“(t,-))cB(0,l-0 


for all 0 < t < 1 and all a,/3 € {0,1, • ■ • ^ 4). Next, we prove an upper bound on A{t). 


Lemma 8.12. Let (.71°°, <1>°°) be as above with Ti = \. Then there exists C\(K) > 0 such that 

CfK) 


m< 


1 


for alio < t < 1. 

Proof We follow the argument in Lemma 10.11 in |[20ll . Suppose the claim was false. Then 
consider for 0 < t < 1 the functional 

^ /4 Z (Z + Re dx + Re ((1)“©^) dx. 

^ j 

From the weighted momentum monotonicity identity (18.61) in Proposition 18.21 we obtain that 

= -£jZ('^oV" + |£>o3>“f)r/x. 

Since we have by (18.481) and Hardy’s inequality that z(t) 0 as t 1, we can write 
z(t) = X + \ddo^°°(s,x)f^dxds. 
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Now we distinguish between two possibilities: Either there exists a > 0 such that for all 0 < t < 1 
we have 

J x)p) dxds > a(l - 0, 

or else there exists a sequence {!„}„ c [0,1) with („ —> 1 such that, denoting J„ := [t„, 1), it holds 
that 

rh f f + \2)o<i>^(s,x)f)dxds ^ 0. 

\Jn\ Jj„ ! 

In the former case, we argue exactly as in ifTOl Lemma 5.6] to obtain the conclusion of the lemma. 
In particular, here we invoke Proposition 18.51 In the latter case, a contradiction ensues as follows. 
Using the same Vitali covering argument as in the proof of Lemma [8. 101 we can select a sequence 
of intervals 7' = [s„ - + /l(5„)“^] with Sn e J„ such that 

7777 f f + l^o<I>‘”(s,x)f]dxds ^ 0. 

\Jn\ Jj'„ JR'^'''^ > 

But then, using compactness, we again extract a trivial limiting solution, and obtain a contradiction 
as in the proof of Lemma [B. 101 □ 

We are now in a position to reduce to the exactly self-similar case. 

Corollary 8.13. Let (J?l°°, d)“) he as above with T\ = \. Then the set 

{((1 - tf{^t,x^^){t, (1 - t)x), (1 - tf{^t,x^°°){t, (1 - t)x)) : 0 < i < l} 

is pre-compact in (L^(R^))^. 

Proof. Here we can proceed similarly to the proof of Proposition 5.7 in IfTOll . Our point of departure 
is Theorem 17. 23 1 Prom Lemma [831 and Lemma [8.12l we know that 

Co{K) < (1 - t)A{t) < CfK) 

for all 0 < t < 1. Using the sharp support properties (18.481) and that Ecrit > 0, we also conclude that 
|x(t)| < C for all 0 < t < 1 for some constant C > 0. Then the claim follows from the compactness 
assertion in Theorem |T23] □ 

8.3. Rigidity II: The self-similar case. In this subsection we rule out the existence of a minimal 
blowup solution (j?l°°, <!)“) as in Corollary 18.131 To this end we use self-similar variables and 
derive a suitable Lyapunov functional. Lor ease of notation we drop the superscript oo and denote 
the minimal blowup solution from Corollary 18.131 lust by (JTI, d)). hollowing ITOll and |[20ll . we 
introduce the self-similar variables 

y ^ 5 ^ - log(l - 0, 0 < f < 1 

and set 

0(5, y,0) = e“"0(l 

y, 0) = e~^P^a(l - e~^y), 0 < a < 4. 
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We also define the associated covariant derivatives of O and the curvature 2-form associated with 
in self-similar variables by 

0) - - e-\ e“"y), 0 < a < 4, 


(8.49) 


Ta!}{s,y,0) = e -e \e 'y), 0 < a,/3 < 4. 


Observe that (j?l, 0)(5,y, 0) are defined for 0 < 5 < oo. Moreover, in view of (18.481) . d>(5, •, 0) and 
the curvature components Fc,p{s, - ,0) have support in {y € : |y| < 1). For small d > 0, we also 

define 

5 = - log(l + 6 -t), 0 < I < 1 




\+6-t 


and set 


0(5, y,d) = e ■'0(1 5 - e \e ''y), 

y, d) - -I- d - e~\ e~^y), 0 < a < 4. 

Analogously to (18.491 ). we introduce D„0(5,y, d) for 0 < a < 4 and Fap{s,y,6) for 0 < a,(3 < 4. 
We note that (d4,0)(5,y, d) is defined for - log(l -)- d) < 5 < log(|). 

In self-similar variables the Maxwell-Klein-Gordon system is given by 

d'^nk = 


(8.50) 


-ids + 2 + y • \y)rjo + d’^Tjk - Im(0£)yO), 
(ds -F + 2 -F y • Vj,)S^;o = (<9* -f 


where dk denotes partial differentiation with respect to the y variable. We begin by stating the 
following properties of (Jl, O). 


Lemma 8.14. (i) For fixed S > 0, we have for allO < s < log(2) that 

supp (0(5, -.d)) c {y e : |y| < 1 - d), 
(8.51) — 

supp (Fa/^is, -,6)) c {y e R^ : |y| < 1 - d). 

(ii) Uniformly for all 6 > 0 and allO < s < log(|), it holds that 


(8.52) 
and 

(8.53) 


r y\DaO{s,y,6fdy<E, 
-'Bi V 


r |0(5,y,d)p 

Jb, (l-l#)^ 


dy < Ecrif 


Proof (i) For 0 < 5 < log(T) we infer from the support properties (18.481) that 


supp 


(0(5,-,d))c{. 


yeR^:|y|< ^ ^ 


1 -Fd-I 


< 1 -d 


and similarly for the support of F'ajsi^, ■, d). 

(ii) The estimate (18.521) follows immediately from a change of variables. Noting that 0(5, ^d) e 
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for all 6 > 0 and 0 < s < log(^), we then use the Hardy-type inequality (0.5) from |[3l 
together with the diamagnetic inequality to conclude that 


f 

JBi 




(1 - 


dy < 




For small d > 0 and (j?l, 0)(5,y, S) with associated covariant derivatives DQ,d)(5,y, 6 ) and curva¬ 
ture components Tapis, y, 6) as above, we now introduce a Lyapunov functional 

dy 


= r (? Z + i Z - Z 

j j.k j,k 


(1 - |yp)l 


-I- 


IM 




1 


- y Re (DkODoO) - Re (d)2)od>) - y. . , 

k 2\-\y\V^i-\y\2y, 


dy 


and define the non-negative quantity 




dy 


(1 - |y|2)2 


-I- 


r r ^o^-y,yk^k^-^ 

> il-\y\2 )\ Jb, V 


dy 


(1 - |y|2)f ■ 


We emphasize that both E and S are gauge invariant quantities. They are well-defined for all d > 0 
in view of fhe supporf properties (18.511) . In fhe nexf proposition we esfablish a key monofonicify 
properfy of fhe functional E. 

Proposition 8.15, Let (j?l, 0 )(5,y, 5) for 6 > 0 be as above. Then we have for 

0< Si < S2< log(^) 


that 

(8.54) 

Moreover, it holds that 

(8.55) 


Eis2)-E{si) = 


= i “ 


,( 5 ) ds. 


lim Eis) < Ecrit- 

i-*log(t) 


The crucial monofonicify identify (18.541 ) can be derived in a gauge invarianf manner. However, 
the computations simplify significantly by imposing the Cronstrom-type gauge condition 

4 

(8.56) ^ XklTlkit, x) = 0 

k=\ 

for all 0 < t < 1 and x € R^. This does not change the energy regularity of (j?l, O). In self-similar 
variables the gauge condition (18.561) reads 

4 

'Y^ykJikis,y,6) = 0 

k=i 


(8.57) 
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for all 5 > 0, 0 < 5 < log(|) and j Under the gauge condition (18.571) the functional E can be 
written as 


E{s) = 




JKj — 5 ;J?lo) + 


\ - duJijf - \ 2]((1 + j 


Ik 


dy 


(1 - 


+ £ (^|(5. + /^o)3>|" + ^\{dk + -\a+y Vv)d>|" 


|g>P \ dy 

1 - I# /(I _ \y\2^^ 


and the quantity 5 reads 




ds^k 


dy 


(1 - |y|2)2 


f r£(y^y‘^of—f |a +/:7io)o|' 

Jb, lyp^ ^(l_l3;|2)i Jb/ ' 


dy 


(1 - |yp)2 


where dk denotes partial differentiation with respect to the y variable. It is not obvious that the 
above expressions for E and 5 in the Cronstrom-type gauge (18.571) are even well-defined for all 
d > 0. However, this follows from the gauge invariant support properties of $ and E'ap, and the 
following easily verified identities (assuming the gauge condition (18.571) 1 

dsJij - djJlo = Toj-^ ykTkj, 
k 

djJik - dkJij = Tjk, 
yVyMo = 

J 

(8.58) (1 + 3^ • ^ Yj 

k 

(d, + - Y - 5, 

k 

{dk + mk)^ = 

y • Vyd) ^ Y yk^k^- 

k 


Proof of Proposition I&i5l In order to justify the computations in the derivation of the monotonicity 
identity (18.541) . we shall have to assume smoothness of {J{, O). However, smoothing the compo¬ 
nents as in Definition |53]destroys the crucial support properties of <1) and the curvature components 
Tap, and thus of <1) and In that sense certain expressions below involving weights of the form 
(I ~ lyl ) 2 or (1 - |y| ) 2 become singular at |y| = 1. To deal with this, we need to introduce 
an additional smooth cutoff ;t'(^^) that smoothly localizes away from the boundary, but such that 
lim£_,o;y(^) = Uco.iidyl). where;y(o,i] is the sharp characteristic cutoff to the the interval (0,1]. Thus, 
for the calculations below to be rigorous, we really need to consider the weight 

which will lead to additional error terms localized near the boundary. But then letting the frequency 
cutoff converge toward |^| = -i-oo in the regularization for fixed but sufficiently small e > 0, it will be 
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easy to convince oneself that the additional errors vanish in the limit due to the support properties 
(18.481) of the underlying (^, d)). We shall formally omit this additional cutoff. 

Further, in order to simplify the computations below, we impose the Cronstrom-type gauge con¬ 
dition (18.561) on (J?l, O). This leads to another technical complication in that the C“ smoothness 
of the regularized (^, O) in Coulomb gauge will be lost. This can again be dealt with via smooth 
truncation of the functional, this time away from the origin by including the cutoff Since all 
the integrations by parts to be performed below involve an operator y ■ Vy, the error terms are seen 
to be controllable in terms of the energy on smaller and smaller balls, and hence negligible in the 
limit as £ ^ 0. Again, we shall gloss over this technicality in the formulas below. 

We now begin with the derivation of the monotonicity identity (18.541) . where we assume that 
(j?l, <l))(5,y, S) satisfy the Cronstrom-type gauge condition 

4 

(8.59) J^yk^/,(s,y,S) = 0 

k=i 

for all 0 < 5 < log(|), y e R"* and are smooth solutions to the Maxwell-Klein-Gordon system (18.501) 
in self-similar variables. In order to make the notation less heavy in this derivation, we write (A, 
instead of (JA, O), and Da(p, Fap instead of Dq-O, T'ap- We will repeatedly apply the following easily 
verified idenfifies wifhouf furfher referencing, 

{ds + iAQ + l+y- ^ Do(f>, 

{dk + iAk){ds + /Ao) ^ {ds + iAo){dk + /A*-) -i- KdkA^ - dsM), 


where dk denofes parfial differentiation wifh respecf fo fhe y variable. We also recall fhe idenfifies 
(18.581) . Moreover, we use fhe nofafion 


pCv) = 


1 


(1 - | y | 2)2 


and observe fhaf 


dkp{y) = ykp{yf, (1 + j • Vv)p(y) ^ piyf. 


The equafion for ^ can be wriffen in expanded form as 

{ds + iAq + 2 + y ■ Vy){ds + iAo -)- 1 -)- y • Vj,)0 = + iAk)^0, 

k 

or alfernafively as 

{ds + iAof^ + {l> + ly- Vy){ds + /Ao)0 + {2+y- Vv)(l -)-y • Vv)0 - i{y • VyAo)^ ^ + iAuf^- 

k 

We sfarf analyzing fhe derivafive wifh respecf fo s of fhe following energy functional 

Ys S ’’’ ^ S i'^o)^)p{y) dy 

^ f {ds + iAo)^)p{y) dy. 
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Inserting the equation for 0, we obtain 


J' Re ((5^ + iAof^ {ds + iAo)^)p(y) J' Re (^(dk + iAuf^ (d^ + iAo)0^p{y) dy 

- Re ((3 + 2y ■ Vy){ds + IAq)^ (d, + iAo)0^p(y) dy 
~ f R® ((2 + J • Vj,)(l + j • Vv)0 (d, + iAo)$)p{y) dy 
+ Re (/(j • Vj,Ao)0 {ds + iAQ)(f>)p(y) dy 


= / + // + /// + IV. 


Integrating by parts in the term I, we find 


I = 


- ^ r Re [{dk + iAk)0 {dk + iAk){ds + iAQ)^')p{y) dy 

Re ((dk + iA/,)^ (ds + iAo)^)dkp(y) dy 

- ^ I Re [(dk + iAk)^ (ds + iAQ)(dk + iAk)^)p(y) dy 

- ^ r Re [(dk + iAk)^ i(dkAo - dsAk)^)p(y) dy 

- ^ jRe [(dk + iAk)^ (ds + iAo)^)ykp(yf dy 

r(2 ^ «^<:)0p]p(y) dy 

k 

r ^^[^Dk(l>)(dsAk - dkAo)p(y)dy 

- ^ J'Re [dk^ (ds + iAo)^)ykp(yf dy, 


where in the last step we took advantage of the gauge condition (I8.59I) . We expect the second to 
last term to cancel against a corresponding term from a suitable energy functional for A. On the 
other hand, the last term is expected to cancel against other terms from the equation for Next, 
integrating by parts in the term II yields 


II = 


- Re ((3 + 2y • Vy)(ds + iAo)0 (ds + iAo)^')p(y) dy = ^ 1(5^ + iAo)^\^p(yf dy. 
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Performing another round of integration by parts, now in the term III, we find that 


= - J Re ((2 + y • Vy)(l + y • Vy)^ {d, + iAo)^')p(y) dy 
= J' Re ((1 + y • Vy)^{ds + /Ao)(l + y • '^y)^)p(y) dy 
+ J Re ((1 + y • Vy)^ i(y ■ VyAo)(p)p(y) dy 
+ J 'Re (y • Vy^ (d~nX^y(y)^ dy 


Re( 0 {ds 

%J 


+ iAompiyf dy. 


and thus, 


-± ri 

dsj 2 


1(1 + y-Vy)^rp(y)dy 


+ J Re ((1 + y • Vy)^ i(y ■ VyAo)^)p(y) dy 
+ ^ r ^e{dk^{d, + iAo)^)ykP(y? dy 

+ ^ ^l0lVCv)^ 

Now we note that the seeond term on the right hand side of 111 and the term IV nieely eombine to 
give 

J' Re ((1 + y • Vy)^ i(y ■ VyAo)(p)p(y) ‘^y + J {i(y ■ VyAo)0 {d^ + iAo)^)p(y) dy 
^ Re (/(y • VyAo)0 {d, + /Aq + 1 + y • Vy)0)p(y) dy 
= - J'iy- VyAo) Im (0Do0)p(y) dy. 

Moreover, we observe that the last term on the right hand side of 1 eaneels out with the third term 
on the right hand side of 111. We summarize the preeeding eomputations as follows 

^ r ]^\{dk + - ^1(1 +3^ • Vy)0|^ - ^l0lV(y)^jp(y)<5?y 

k 

(8.60) = J' 1(5, + iAo)^l^p(yf J' {^Dk(f>){dsAk - dkAo)p(y) dy 

- J'cy • VyAo) Im {^Do0)p(y) dy. 

We expeet the last two terms on the right hand side to eaneel against eorresponding terms gen¬ 
erated by differentiating a suitable energy funetional for A, while the first term furnishes the key 
monotonieity. 
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At this point we have to pass to the eorresponding equation for A. It is given in expanded form 
for 7 = 1,..., 4 by 


dAdsAj - 5,Ao) + (3 + 2y • VA(5,A.) + (2 + y • V,)(l + y • V,)A,- 


(2 + y • Vy)(djAo) - ^ dkidkAj - djAk) = 


We begin with a tentative ansatz for the eorreet energy funetional for A to leading order, whieh we 
differentiate with respeet to s. 


~ i - dkAjfy{y)dy 

j j,k 

^ r ^ dsidsA j - djAo) {dsA j-d jAo)p(y) ‘^y + ^ f Xj ~ ~ 

j j,k 

= ® + ®. 


Inserting the equation for A in the term ®, we obtain 


^ (3 + 2y • VyXdA j) {dsA j - djAo)p(y) dy 

(2 + 3^ • Vj,)(l + y • V 3 ,)A j (dsAj - djAo)p(y) dy 

+ ^ J"(2 + y • WyXdjAo) {dsAj - djAo)p(y) dy 

[ dkidkAj-djAk){dsAj-djAQ)p(y)dy 

i,k 

+ ^ J" Im {^Dj(p) (dAJ - djAQ)p(y) dy 

= T+n + Tn + Tv + v. 
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where we already see that the term V cancels against the second term on the right hand side of 
(I8.60I ). The term ® can be rewritten as 

® = [dj{dsAk - dkAo) - dkidsAj - djAo)) (djAk - dkA j)p(y) dy 


J-k 

hk 


dj{d,Ak - dkAo) {djAk - dkAj)p(y)dy 


{dsAk - dkAo)dj{djAk - dkAj)p(y)dy 


{dsAk - dkAo) (djAk - dkAj)yjp{yf dy 


{dsAk - dkAo) djidjAk - dkA j)p(y) dy 


{dsAk - dkAo) (1 + y • VydAkpiyf dy. 


where in the second to last step we integrated by parts and in the last step we used that 

^ yjidjAk - dkAj) = (1 + y • '^y)Ak 


due to the gauge condition (I8.59I) . We see that the term IV on the right hand side of ® cancels 
against the first term on the right hand side of ®. Next, we integrate by parts in the term I to find 


(3 + 2y • Vy){dsAj) {dAj)p(y) dy + 


j 

^ (^sAj)^p(y)^ 




(3 + 2y • Vy){dAj) {djAo)p(y) dy 


) (5 + 2y • Vy){djAo)p(y) dy 


(dAj) idjAo)y ■ Vypiy) dy. 


Integrating by parts also in the term II yields 

// = ^ J"(1 + y • Vy)Ay (1 + y • Vy)idsA j - d jAo)p(y) dy 

+ ^ J" (1 + y • Vy)Aj {d,Aj - djAQ)p{yf dy 

= ^ J"^1(1 + 3^ • '^y)A yl^jp(y) (1 + y • Vv)Ay (1 + y • V y){djAo)p(y) dy 
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and we observe that the third term on the right hand side of 11 eaneels against the seeond term on 
the right hand side of ®. Another round of integration by parts, now in the term 111, leads to 




III ^ y , (2 + y • Vy)(5yAo) (dsAj)p(y) dy + 


zfi 


(djAofy-Vyp(y)dy. 


Combining the above expressions, we are thus redueed to 


^2/ 


® + (D = ) {dAjfpiyY dy + 




|(l+y-Vy)Ay| lp(y)dy 


^(djAofy-'Vyp(y)dy- Z^/( 
- ^ (5,A j) (3 + y • Vy)(djAo)p(y) dy 

+ ^ J" Im (^D j(pj (d,Aj - djA^piy) dy. 


(dsA j) {djAo)y ■ Vyp(y) dy 


(1 + y • Vy)Aj (1 + y • Vy){djAo)p(y) dy 


Im {^DjY) {dsAj - djAo)p(y) dy. 


We reformulate this as 


2/' 


® + (D = ) {dsAjfpiyy dy + 




1(1 + y-'Vy)Ajnp(y)dy 


(8.61) 


2 / j(djAofy-Vyp(y)dy 

j 

Y, f (5. + l+yVy)Ay(H 


(^A)(5A)p(y)^ 


(d, + 1 + y- Vy)A j(l + y- Vy)(d jAo)p(y) dy 
+ ^ J" Im (0D j(/)) (dAJ - djAo)p(y) dy. 

Next, we further analyze the seeond to last term on the right hand side of the above identity. Inte¬ 
gration by parts gives 


(8.62) 




(d, + 1 + y- Vy)Aj (1 + y- Vy)(djAo)p(y) dy 


((9, -F 1 -I- y • Vy)A j dj(y ■ VyAo)p(y) dy 


^ + 1 + y • Vy)A j (y ■ VyAo)p(y) dy 




(d,+y + y- Vy)Aj (y ■ VyAo)yjp(yf dy 


^ -F ) dj{ds + 1 + y • Vy)A j (y ■ VyAo)p(y) dy 
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where in the last step we used that due to the gauge condition (18.591 ). 

^ yjids + I+ y- Vy)Aj = 0. 
j 

Moreover, one easily verifies that 


(8.63) 2 ]djids + l+y V,)A,- - J ]djAo + J ]djFoj = J ]djAo + Im(^D q^), 


where in the last equality we linked with the equation for A. Inserting (18.631) back into (18.621) and 
integrating by parts several times more, we conclude that 


(5^ + 1 + y • Vy)Aj (1 + y • Vy)idjAQ)p(y)dy 


(8.64) 


A:f< 

./ 

= (^jAofpiy) + 

....... f, 


(djAofy-'Vyp(y)dy 


-f 


(y ■ VyAo) p(y) dy + Im 


(y • VyAo)p(y) dy. 


Finally, inserting (18.641 ) back into (18.611 ) and combining terms, we may summarize the preceding 
computations as follows 


(8.65) 




(dsAj - djAofp(yf dy - I (y ■ VyAoYpiyY dy 


j,k 


\2..\3 


+ 


J Im(^Do(p) 


(y ■ VyAo)p(y) dy + 


^ J" Im (0D j(p') (dsA j - d jAo)p(y) dy. 


We observe that the last two terms on the right hand side cancel against the last two terms on the 
right hand side of (18.601) . However, it is not yet obvious that the first two terms on the right hand 
side of the above identity (18.65b yield the desired monotonicity. To this end we decompose the 4- 
vector (5yAo)j^j into its radial and angular part. The gauge condition (18.59b then allows to rewrite 
this as 


( 8 . 66 ) 


J J^idsAj - djAoYpiyf dy ■ 


J (y • WyAoYpiyf dy 




dy- J(y VyAofpiyY dy 

= / + f 4 


■p(y) dy. 


Combining (18.60b . (18.65b . and (18.66b finishes the proof of the monotonicity identity (18.54b . 
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It remains to prove (18.551) . Using the gauge invariant formulation of the Lyapunov functional E, 
we proceed exactly as in the proof of Proposition 6.2 (iii) in IfTOll to show that for all d > 0, 


lim 

s->log(t) 





dy 


(1 - |yp)2 


< E 


crit-i 


while 

lim r (y3;,^^ + y3;,Re(^^) + Re($^) + i-l^)-= 0. 

□ 


Next, we prove upper and lower bounds for the Lyapunov functional E{s) uniformly in d > 0 
and 0 < 5 < log(|). 

Lemma 8.16. Eor all S > 0 and allO < s < log(|), we have 
(8.67) - CEcrit < E(s) < E„it 


for some absolute constant C > 0. 


Proof. The upper bound is immediate from (18.551 ) and the monotonicity property (18.541) of the 
functional E. In order to prove the lower bound, we work with the gauge invariant formulation of 
the Lyapunov functional E and first observe that for |y| < 1, the quantities 


^ - 2] yyt Re(£)^a)£)o3>) 

a k 


and 

i j,k j.k 

are non-negative. This is straightforward to see for the first expression, while for the second one we 
use that 



From the general identity 

'^{cokrj - ojjrkf = 2(r^ - (r • ojf) < 1? 
for r,co €M.^ with |a»| = 1, we then conclude that 

j,k j j,k 


It therefore suffices to obtain an upper bound on 


Re(<l)lDo<l>) -F - 


1 


2 1 


dy 


l#^l-|y|2)2 
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uniformly for all 5 > 0 and 0 < 5 < log(^). From Holder’s inequality, (18.521) and (18.531) we easily 
infer that 


Re(02)o‘I’) + - 


1 |0|2 


dy 


2 1 - _ |^|2)5 


-< r \Do^fdy+ f 
I jBi JBi (1 - \yrr 


dy ^ 


As a corollary of Proposition 18.151 and Lemma [8.161 we obtain the following decay property as 
5^0. 


Corollary 8.17. For each d > 0, there exists sg e {j log(|), log(^)) such that 

•'Ttf+log(i)5 


( 8 . 68 ) 


r 


E{s) ds < 


CEcrit 


'^6 log(|)5 

Proof. From (18.541) and Lemma l8.16l we have that 


1 • 


/ 


5(5) ds < CEcrit- 


Then the claim is immediate. 


(8.69) 


Our goal is now to extract a limiting solution (Jl*,^*) and to eventually show that d)* must 
vanish. This will yield a contradiction to the minimal blowup solution (.71, d)) having infinite S ^ 
norm. 

Let tg - 1 + d - e~^f where ss is as in Corollary 18.171 By Corollary 18.131 we can pick a sequence 
6/ 0 as I —> oo such that 

((1 - (1 - is,)x), (1 - (1 - ('Vt,x^*(x), Vi^^Ofx)') 

strongly in (L^(R^)f as d/ ^ 0. We may also arrange that 

((1 + d/ - lsi)^'^t,x27ix(fsi, (1 + d/ - (1 + d/ - tsf^'^t.x^Osn (1 + “ tsM)) 

-> (yt,X^l(x), Vf,;,d)*(x)) 

in (L^(R^))^ as d/ —» 0. We now consider the MKG-CG evolutions in the sense of Definition 15.31 
of the energy class Coulomb data given by the left hand side of (18.691 ). Denote these evolutions by 
(71^*, d)^*). By the perturbative results from Corollary 16.31 these evolutions exist on some fixed time 
interval [0, T*], where we may assume that 0 < T* < 1. Moreover, we have on [0, T*] that 

7l‘* = (1 + d; - ls,)7{(ts, + (1 + d; - ~t6,)t, (1 + d; - ~tsi)x), 
d)'*(t, x) = (\+6i- ~t6,)^(i6, + (1 + d/ - ~ts,)t, (1 + d/ - ~t6,)x), 
and 

(v,X*(ti •), v,,d)'*(t, •)) ^ {^t.xK(.u •), v,,d)*(t, •)) 
in (L^(R^))^ as Z —> oo uniformly for all 0 < f < T*, where (71*, d)*) is a weak solution to MKG-CG 
on [0, T*] X R'*. Note that on account of these identities we have 

1 - ~t6i 


supp 


(d)'*(t,-))c{ 


X € R : |x| < 


f < 1 - f 


and similarly 


1 -P d/ - G, 

supp ((daTi^p - dp7la)(t, •)) c {x e R"^ : |x| < 1 - t]. 
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We now switch to the self-similar variables 

5 =-log(l - t), 3^ = 0<t<T*, 


and define 


$^*( 5 , 3 ;) = - e-\e-^y), 


and similarly for (^*, C>*). We conclude exactly as in lITOl after Remark 6.8 there that 


(8.70) 


‘^a('S,y) ^ ■^a(S6i + S,y,6l), 
^>*{s,y) = 'i{ls, + s,y,6i), 


and 


(8.71) 


(V.„X*,V,,yO'*)(^,-) 


(V.,y371*,V,,y(l)*)(^,-) 


in (Ly(R^))^ as Z ^ CX3 uniformly for all 0 < 5 < -log(l - \T*) =: S. Then (^*,0*) is a weak 
solution to the Maxwell-Klein-Gordon system in self-similar variables (18.501) . Denoting by Ga^* 
and the covariant derivatives and curvature components in self-similar variables associated with 
(jTl*, O*), we conclude that 


supp |0*(5, •)} c {y € : |y| < 1), 

supp|^(^,-)!c{y€R4:|y|< 1}. 


Lemma 8.18. Let {Jl*, d)*) be as above. Then it holds that 


Yj ^ - O* = 0. 

j k 


(8.73) 
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Proof. For large I we obtain from (18.701 ). (18.711 ). and Corollary 18. 17l that 

" - 

> (1 - | 3 ; p )2 


,6i) 


2 dy 


+ r r 

\J0 kJBi ^ 

<liminf| f f r^l Y.yj'FjoCss, + s,y, . 

Uo JfiibPvY (l-bP)5 


(1 -1#)? 

2 dy 


ds 


< 


r r |(2)o<F - ^ yk'Dk^ - (S>yss, + s, 

\J0 kJ Bi ^ 

r*^ r ‘ (y 

Uts, Jbi 

■^sSf+S 


y,Si) 


dy 


(1 - bP)! 


ds 


+ 


yjTjo{s,y,6i)\ - ^ ds 

j Ml - bP)2 

2 dy 


f' r |tood>- 

-'Bl k 


s,y,6i) 


(1 - IM)! 


■ ds 


< liminf 

l—^OO 
= 0 . 


CE, 


log(X)^ 


□ 


Proposition 8.19. Let (j?l*, <!)*) be as above. Then we have <!)* = 0. 

Going back to the (t, x) coordinates, the preceding proposition implies that J?l^ is a free wave 
for k = 1,... ,4, while = 0. This contradicts Proposition 16. 1 1 and hence completes the proof of 
Proposition 18.91 


Proof of Proposition 18.791 In order to simplify the computations below, we assume that {f7l*,0*) 
satisfy the Cronstrom-type gauge condition (in self-similar variables) 

4 _ 

(8.74) 2]y,.^*(^,y)-0 

I:=I 

for all 0 < 5 < 5 and y € R^. Then the properties (18.731 ) of the limiting solution can be 

written as 

y. = 0, (d, + i^D^* = 0 

and the equation for <!)* simplifies to 

(2 + y • Vy)(\ + y • V,)0^ = + i^lfo*. 

k 

Integrating this equation against O*, we find 

(8.75) r ((2+yVG(l+yVGO^Wdy = -y f \{dk + miwfdy. 
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A simple integration by parts shows that the left hand side of (18.751 ) is given by 

f ((2 + y • Vy)(l + y • Vy)5*)o* dy ^ 4 f dy - f |y • dy. 

Jr4 JR'^ 

Decomposing the 4-vector ^ into its radial and angular part, we observe that the gauge 

condition (18.741 ) allows to rewrite the right hand side of (18.751 ) as 


- Z f l<* 
= - f (I-- 

Jr4u |y| 

< - rii 

jRr' bl 


+ dy 


VyO- 




n 

bl 




dy 


■ VyO* 


dy. 


Thus, we find that 


■ r |o*p<iy < - I f 

jRr \ Jr'I 


— • Vvd)* 


dy 


- f |j-Vvd>*| 

Jr4 


dy\. 


and in view of the support properties (18.721) of O*, we must have <!)* = 0. 


To conclude the rigidity argument, we need to reduce to the additional assumption A(t) > do > 0 
for all f € R made in the statement of Proposition 18.91 However, this follows as in Lemma 10.18 
in 1201. 

Finally, we summarize the proof of the global existence assertion in Theorem 11.21 and address 
the proof of the scattering assertion. 


Proof of Theorem lL^ From the concentration compactness step in Section|7]and the rigidity argu¬ 
ment in this section, we infer the existence of a non-decreasing function K : (0, oo) —> (0, oo) with 
the following property: Let {Ax,4>)V^^ be admissible Coulomb class data of energy E. Then there 
exists a unique global admissible solution (A, (p) to MKG-CG with initial data {Ax, <^)[0] satisfying 
the a priori bound 

^)L'(RxR4) - 

It remains to prove that the dynamical variables {Ax, (p) of the global solution (A, cp) to MKG-CG 
scatter to finite energy free waves. To this end it suffices to show that 




for j - 1, ■ • ■, 4 and 


IIi^^IIacrxr"*) < “■ 


Here the only concern is to bound the low-high interactions in the magnetic interaction term 
-2iAj'^‘^‘^dj<p in the equation for (p, where is the free wave evolution of the initial data Ay[0]. In 

this case, the bound ||(A;c, 0 )|| 51 (rxR‘*) < “ boes not suffice and we have to invest our strong assump¬ 
tions about the spatial decay of the initial data. More precisely, from |[22ll we have the following 
estimate for dyadic frequencies ki < k 2 - C, 
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Thus, we may bound the low-high interaetions in the magnetie interaetion term (p by 


S ||A,[0]||„|s;,i=,11011s.. 


keZ 

To see that is finite, we observe that in the Coulomb gauge we have for 7 = 1,..., 4 

that 

A; = -A-^d‘Fji. 

Henee, we obtain for j = 1,..., 4 that 

4 4 

X WPkAjmin^^ < 2] 2] IIP,A- 15 'F,7(0)11^1 < 2] 2] 


< 00 , 


keZ 


keZ l=l 


keZ l=l 


sinee the spatial eurvature eomponents Py/(0) are of Sehwartz elass by assumption. Similarly, we 
eonelude that \\dtAx{ 0 )\\iii 2 < 00 , whieh finishes fhe proof. □ 
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